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PREFACE. 



[n the following work, a great part of which is necessarily a 
Dompilation from the numerous Authors that have preceded 
mCy will be found numerous new rules and formulae adapted 
to the practical purposes of the present engineering age, 
many of which are not found in any other work of this kind. 

All the fundamental principles of this work are rigidly 
demonstrated on the most elementary principles, and chiefly 
lifter the manner of the most approved authors of English 
works, excepting for the rotation of bodies, where UAUm-- 
berfa simple and el^ant principle is adopted. 

When the great quantity of matter, the numerous en- 
gravings, and small price of this work, are considered, I 
trust that no apology will be necessary for adding it to the 
great number of similar works that have preceded it. 

A part of the engravings used in this work, are taken 
from TamUnsovCs Rudimentary Mechanics (the present 
Series), for the use of beginners, which I would recommend 
the student to read carefully previous to studying this work, 
as that work contains a dear and popular exposition of a 
great many of the leading subjects, of which I have here 
treated in a more strictly scientific manner. 

T. Baker. 
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DEFINITIONS. 

1.) Statics threats of the laws of equilibrium of BoHd bodies. 

[2,) Dynamics investigates the laws of motion of solid 
bodies. 

(3.) Hydrostatics has for its object the laws of equilibrium 
of fluid bodies. 

(4.) Hydrodynamics treats of the laws of motion of fluid 
bodies. 

(6.) Pneumatics is a branch of Hydrostatics, and relates 
to properties and equilibrium of elastic fluids, such as com- 
mon air and the gases. 



1. Motion is a continual change of the place of a bodj. 

KoTB. — ^If a body moyes through eqoal spaces in equal times, it is called 
tquabie motion. If its motion continually increases or decreases, it is re- 
gpectiyely called accderaUd or retarded motion, 

2. Rest is a permanency of a body in the same place. 

3. MiUter is the substance that aflects our senses. 

KoTX.— jBddtef are certain portions of matter limited in magnitude. Mat* 
18 the quantity of matter of which a body is composed. An tkmmtmry 
jparUch is a body indefinitely small. The space occupied by a body is called 
its votmM or ttihd content, 

4* Density of a body is the proportional quantity of matter 
contained in it, to the quantity of matter contained in another 
body of the same magnitude ; and it is called uniform when 
eqiul quantities of matter are contained in equal magnitudes, 

5. Force is a power that tends to impress or destroy mo- 
tion. I . 

Nora 1. — ^There are no means of estimating foret except by its effects 
It is dilGMrvDtly mtasmred in Statics aad Dynainkift; Va ^Vii6»^ NX *\^ 't&K^- 



2 StATICB. 

wndbftheprnmrc, whkbit eaiiHsalMMlyU nM to ascrt (gainat uotlm" 
body with whkh it b in contact, or with which it ii coniiKted. Thi 
pnuares oxotad bj maaiu of conU putiad bj any (bma are called Mumim; 
In Dynamic*, Ibrca is maamrad bj the velodor nnifbimljr generated in a 
giren tima. Bee D^flmHiMt in Dipiama. 

yoTI 3. — It ii nmal to ropnaent Ibrcea Or presmrea by line^ the dlnction 
d the line coinciding with the Biraction of the Ance, and tlie Itoigth of the 
line expreeaing tha amonnt or magnitude of the giren ftrea or preuore. 

6. Gravity is the force by which bodies tend to deacend in 
the direction of the centre of the earth : thus, gravity ui^es 
the fall of a stone, when left nnaopported. 

7. Ptfwer and weight, when .opposed to one another, signify 
the body that moves and the body to be moved ; t, e. the body 
that gives the motion is called the power, and that which 
receives the motion is called the weight. 

8. Velodiy is the swiftness or slowness of the motion of a, 
body, and is measured by the space vniforaiy described in a 
unit of time, as for instance, in one second of time. 

9. The momenttim of a body is the product of its velocity 
and quantily of matter. 

Note. — The remalDder of the dcdnitiani, adapted to thli work, wiU be 
foand nndar the head of Dvnamica, Fait IL, aa placing them here woHld 
onlj tend to perplex tba ttodent. 



STATICS. 

ON THE COMPOSITION ADD BEBOLDTIOH OP rOBCXS. 

10. Pkoposition.— Let A B, A C (see Note 2, Art. 5.) 
represent two forces acting on a point or particle A, then 
these forces will be proportion- 
al to the velocities communi- 
cated to the particle A in their 
respective directions, and con- 
sequently to the spaces which 
it wonld nnifonnly describe 
in a given time. Complete 
the parallelogram A B D C, 
then the motion in the diree- 
1 A C, can neither accelerate nor repel the approach of 
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RESOLUTION OF FOBCES. 3 



the body or particle to the line BD, which is parallel to AC ; 
hence the body will arrive at B D in the same time that it 
would have done if no motion had been given to it in the 
direction AC. In the same manner, the motion in the di^- 
rection A B can neither accelerate nor retard the approach 
of the body to the line C D ; therefore, in consequence of the 
motion in the direction A C, it will arrive in the same time 
that it would have done if no motion had been given to it 
in the direction A B. It hence follows that, by the joint 
effect of the two motions, the body will be found both in B D 
and C D at the end of this time, and will therefore be found 
at D, the point of their intersection : consequently, by the 
simultaneous action of the two motions, the body will evi- 
dently describe the diagonal AD of the parallelogram. And 
since A B, AC, AD, represent the spaces uniformly moved 
over by the body A in the same time, they are proportional 
to the forces acting in these directions ; that is, the forces 
A B, AC, acting at the same time, produce a force which is 
represented in magnitude and direction by A D. 

11. CoROLLABr 1. — Hence, if any two forces act from the 
same point, the force which is equivalent to these two is 
expressed in direction and magnitude by the diagonal of the 
parallelogram, the sides of which represent the direction and 
magnitude of the two forces. 

12. Cob. 2. — The force in the direction AD is called 
the resultant of the two forces in the directions A B, AC; 
and the forces in the directions A B, AC, are called the 
components of the force in A D. 

13. Cor. 3. — A force represented in magnitude and direc- 
tion by A S, which is equal to and directly opposed to A D, 
will evidently just balance the forces A B, AC. 

14. Cob. 4. — If AB, taken from a scale of equal parts, 
represents the magnitude and direction of one of the com- 
ponent forces or weights in pounds, cwts, &c., and A C, 
taken from the same scale, represents the magnitude and di- 
rection of the other component force or weight in pounds, 
ewts, &c. ; then, if on the two lines A B, A C, the parallel- 
ogram A B D C be constructed, the diagonal A D will be 
the direction and magnitude of the resultant force or wei^bl^ 
and its length, taken from the same &^2\<^^ V^ ^^^ '^^• 
pounds, cwta, Sic., in the resultant foice ox ^«k^X«* 



4 STATICS. 

15. Cor. 5. — ^Let the component AB = P pounds, th^ 
component A C = Q pounds, and the resultant A D = W 
pounds ; also let the angle BAG =s then, by trigonometry, 
AD«=AC«+CD«(=AB<) + 2ACxCDco8BAC», 
that is W«=P« + Q«+2PQcosa, 
or Wzz V(P«+Q«4-2PQco8a); 
also, to find the angle B A D, we have 

W : Q : : sin a : sin B A D, 

. T» A -n Q sin a 

or, smBADrz-*— - — . 

\V 

ExABfPLE. — ^Two forces of 4 and 5 tons act in directions 
inclined to each other at an angle of 60^; it is required to 
find the weight of the resultant force, and its inclination to 
the greater of the component forces. 

Let P = 5 tons, Q = 4 tons, and W = resultant force or 
weight, then W zz V(P« + Q« + 2P Q cos 60°) = 
^/(25 4- 16 +2x4x5xi) = >/61 = 7-81 tons = required 



x4x5xi)=:>/61 = 7-81 ton 

. ^ Q sina 
AD = -~= — = -443 = S11 



force, and sin BAD = ^^ = -443 = sin 26° 2Cy = 

inclination to the greater force. 

16. Cob. 6. — 1£ three forces acting on a point, keep it at 
rest, each of these forces is proportional to the sine of the 
angle made by the other two. Let the forces or weights P 
and Q be components of the force or weight W, and let the 
force or weight B, represented by AS, be equal to and 
directly opposite to W ; then since the forces P and Q ba- 
lance the force B, the force W will also balance R ; whence, 
by the last corollary, 

W : P : : sin a : sin C A D or sin C A S 
W : Q :: sina : sin BAD or sinBAS 
.'. B : P : Q : : sin a : sin C A S : sin B A S. 

17. Cob. 7. — ^If the three sides of any triangle be pa- 
rallel to three forces, which, acting on a point, keep it at rest, 
these three forces will be proportional to the sides of the 
triangle. For the forces P, Q, and B keep the point or 
particle A at rest, and these forces are proportional to the 
sides of the triangle A B D. 

* Because angle ACD 3B.180* — a = snp. of BAG, and cos ACD =s — 
ae» a, wbick i§ the Mngh actiully need in thk and tha tcflkUrnVnt^fwrnab^ 



SESOLUnON OF F0BCS8. 

18. Cob. 8. — ^If two forces P and Q act in the same or 
in opposite directions, their resultant will be respectivelj 
equal to P 4- Q or to P — Q. This is self evident front 
daily experience. This may also be proved by making the 
line AC =: Q revolve to the right or to the left till it coincide 
with, or be opposite to, the direction of AB = P, the resultani; 

. or diagonal being respectively P + Q or P — Q ; thus furf 
ther establishing the truth of the doctrine of th^^compositioia 
<xf forces. : 

19. Scholium. — The proposition, (Art 10.) which' ba^ 
just been demonstrated, is generally known by the n^e xif 
the parallelogram of farces, and is the foundation of th^ 
whole doctrine of equilibrium. Various demonstrations of 
this important proposition have been given by the most 
eminent mathematicians, such as D. BemouiUi, Dalembert, 
Laplace, and Poisson ; but they are all of too abstruse a 
liature to be introduced in a work of this kind. The de« 
monstration of the same proposition by Duchayla, though of 
an elementary character, and founded on self-evident prin- 
eiples, is at the same time abstruse and circuitous. The au- 
thor has, therefore, here introduced the proof usually given 
by English mathematicians, which, from its extreme sim- 
plicity, may be considered as well adapted to those who are 
only commencing the study of the subjects treated of in this 
work. 

20. Pboblem. — If any number offerees P, F, F', ^c., act 
in the same plane, in given directions on the point A, it is re- 
quired to find the magnitude and direction of a single force 
which shall be equal to them all. 

This force may be easily found by geometrical construc- 
tion from Art. 11. First; describe a parallelogram the sides 
of which represent two of the forces, and its diagonal will be 
the equivalent or resultant of these two forces. Draw a new 
parallelogram, with this diagonal and the line which repre- 
sents the third force for its sides, and the new diagonal will 
be the resultant of the three first forces. Proceed in this 
manner till all the forces be included, and the last diagonal 
will be the equivalent or resultant of all the forces. But 
the following method is much better adapted to calculation 
and general practical purposes. 

Let A be the point on which all the forces act. "DtviR 




any two line« Ax, Ay, throngh A, in the plane of the forces 
at right angles to each other. Let the force F be repre- 
sented in magnitude and direction by AP; through F draw 
PB, PC perpendicular to Aa*, 
Ay reqtectiTely, then ABPC 
is a parallelogram, and the 
force AP is equal to tiie two. 
forces AB, AC^ acting in the 
direction Ax, Ay. ^juilarly 
each of the other forces F, P", 
&c, may be resolved into two 
others in the directions Aji^ 
Ay. Let the angles FA^ 
F' A 0, &&, be respectively de- 
noted by 0, »', 8ec, then AB = P cos ■, AC = P sin a, which 
are the components of the force P in the direction Ax, Ay, 
respectively. In Uke manner the components of P", F", &c. 
in the direction Ax, are F* cos ^ P" cos a", &c. ; and the com- 
ponents of the same forces in the direction Ay are F' sin i, 
P^sina", &c. Now, by putting X for the sum of all the 
forces in the direction Ax, and Y for the sum of all the 
forces in the direction ky, there will result 

X = Pco8'> + Fco8«' + F'cos«" + fco. (1) 
and T = F sin a -f. F sin «' -f- P* sin ." + See. (2) 
Put R := resultant of all these forces and t the angle it 
makes with Ajt, then 



E=^/X»-HY»! (3) 



"X' 



NoTK. — It moit be ramembeTOd that if an; of tbe compoiHat fbrcM AB| 
AK, &c, md AC, AC, &c., be eacimated Id an uppomte direction tmia A, 
tbey most be conaldered negative. 

21. Cob. — When there is an equilibrium, the resultant or 
equivalent of all the forces =: 0, and .■. E= s/X' -(- Y* = 
; hence X and Y are each =r 0, or their values is equation 
(1) and (2) vanish, on account of the forces counteracting 
each other. 

Ex. 1. — It is required to determine gecHaetrically and by 
computation, the resultant and direction of the four pressures 
or forces, P, P, P', P", all applied to the point A and acting 
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in' the same plane; the MTerat forces being P = 24 tons, 
£^ = 18, FisSZ, and P" = 30, and the angles which th^ 
reapecdre directions make with a given line BAG being 
77^ 37°, 9°, and 312°. 

GaonMfrwNi%. The method of solving this question geo- 
metrically ia already pointed out in Art. 20, i. e., by finding 
die reenltant of two of the forces, which may be considered 
as a new force, then by finding the reaoltant of this new 
force and the line which expresses the third force, and bo on 
tin all the fonr forces shall be reduced to one force, which 
will be the resultant of the fonr given forces or pressures, 
and will be found = 78*4, the number of tons required, its 
inclination to BAG being 13°. 

Calctflation. The pressures P, P", P" being all in the first 
quadrant of the cir- 
cle their sines and 
cosines must be^- 
mtfw, but the pres- 
sure F" being in the 
fourth quadrant its 
sine must be taken 
negatiee; then the 
values of X and Y, 
Form.{l) and (2), 
being substituted 
in Form. (3), there 
will result 




E = V^M^T* = V i(24 X -9744 + 18 x -6018 + 32 x 
-1564 - ao X ■T431)» + (24 x "225 -|- 18 X 7986 -|- 32 x 

•9877 + 30 x 669I)» } = 73-427 tons, 
and &om Form. (4) 

tan f = :=p = -23105 = tan 13*, 

which are the values of the resultant and its angle of incli- 
nation to the given line BAG. 

Ex. 2, — Four fw-ees in the same plane are 3, 4, 5, and 
6 cwt, acting upon e given point, and are inclined to a 
given line at angles of 20°, 40°, 80°, and 150°, respectively ; 
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required the magnitude and direction of another force which 
shall just counteract or balance these four forces. 

Ans. The force is 11| cwt., and inclined 80^ 17' to the 
given line. 

Ex. 3. — ^In pulling a weight along the ground hj a cord, 
inclined to the horizon at an angle of 45^, a power of 80 lbs. 
was exerted ; required the force with which the bodj was 
dragged horizontally. 

Here the resultant, which represents the force of 80 lbs., 
13 resolved into two other equal forces, the one parallel with, 
Mid the other perpendicular to, the horizon, which last force 
is wholly inefficient in acting on the body, and may, therefore, 
be considered as lost ; whence the required force is readily 
found to be 56^ lbs. nearly. 

Ex. 4. — Two equal forces act at an angle 120°; prove 
that their resultant is equal to one of the equal forces. 

Ex. 5, — ^A weight of 20 lbs., suspended by a cord from a 
fixed point, is drawn by the himd in the plane of suspension 
through an angle of 30° ; required the pressure at the point 
#f suspension, and the force exerted by the hand. 

Ans. 23^ lbs. and 11^ lbs. nearly. 

Ex. 6. — ^If any number of forces acting on a point, be 
represented by the sides of a polygon taken in order, these 
forces will keep the point at rest ; required the proof when 
the polygon is in one plane. 

Ex. 7. — A boat is fastened to a fixed point, and is acted 
on at the same time by the wind and the current. Now the 
wind is S. E., the direction of the current S., and the direc- 
tion of the boat from the point P, S. 20° W., also the pres- 
sure on P is 300 lbs. ; it is required to find the forces of the 
wind and the current. 

Ans. Force of the wind 145 lbs. ; of the current 384 lbs. 

Ex. 8. — Two unequal forces P and Q act at an angle of 
120° ; prove that their resultant is = VP« — PQ + Q». 

22. Prop. — If the directions of three forces meet in one 
point, and if their magnitudes be represented by the three 
contiguous edges of a paraUelopiped, their resultant tviU be 
represented, both in magnitude and direction, by the diagonal 
drawn from their point of meeting to the opposite angle of the 
paraUelopiped, 

Let the magnitudes and directions of the three forces be 




RSBOLUTIOM OF VORCES. 9 

represented by A B, AC, AD, and let the parallelopiped 

be AG. Then, since ABHC b a, paralleli^iram, the force 

A H is the reBultant 

of the two forces AB, 

AC; butADGH is 

a poraUelogrsin, and 

its diagonal A G is the 

reanltant of the two 

forces AD, AH; that 

IB, of the three forces 

AB, AC, AD. 

23. CoE. 1.— If A S be prolonged till it be equal to A G, 
then AS represents the magnitude and direction of a force, 
that will hold the three forces AB, AC, AD in equilibrium, 
because it is equal and opposite to the resultant AG of these 
tliree forces. 

24. Cob. 2. — If four forces in di£ferent planes act upon a 
point or body and keep it in equilibrium, these four forces 
are proportional to the three edges and diagonal of a paral-^ 
lelopiped, formed on lines respectively pandlel to the direc- 
tions of the forces. 

25. Cob. S. — Henoe a single force may be resolred int* 
three others in different planes j and each of these may be 
resolved again into others, either in ibe same or difierent 
planes, and so on to any extent. 

. 26. ScHOL. — The properties in the preceding propositions 
and their corollaries hold good for all similar forces acting 
on one point or body, whether they act by drawing or press- 
ing, or whether they be instantaneous or continual, as in 
the cases of percussion and gravity, and are of the utmost 
importance in the application of forces to mechanics and 
natural philosophy. The properties of several forces in 
different planes may be developed analytically by means of 
three co-ordinate planes as in Art. 20, where several forces 
in the same plane are developed by means of rectangular co- 
ordinates. This subject shall be resumed further on, in 
order that the student may proceed to those parts of statics, 
which are of real utility, and not requiring at the same time 
a knowledge of the geometry of three dimensions ; his 
Studies, the author trusts, will thus be rendered mare ene'j 
and interesting. 



THS PBIKCIPLE OF THE XQDALITT OF H01IENT8. 

27. Definition 1 . — The product of a force and the per- 
pendicular distance of a giyen p<nnt from its direction, is 
called the tttoment of Ae/oree with respect to that point. 

28. Dep, 2. — If through the point an axis be drawn per- 
peodicnlar to the plane, passing through the point and the 
direction of the force, this product is called the moment of the 
force AS it respects the luds. 

29. Pbop. — TTie turn of the momenlg cf any number oj 
foreet thai tend to turn a body in one directkm, U equal to 
the turn of the moments of any numher of foreet that tend to 
tttm the body in the opposite direction, all the forces, in both 
cases, being supposed to be in equilibrium. 

Let the three forces A. B, AD, AS, in the same plane, 
keep the bod; A in equilibrium; draw the parallelt^rsui 
ABCD, the di- 
agonal AC of 
which will be 
the resultant of 
AB, AD and 
equal and oppo- 
site, to SA. Let 
the point F be 
taken in tho 
plane of the 
three forces, 
and join AP, 
DF, CF, and A-om P let fall the perpendicnlars Pa, P&, 
Pc, Pd, on AB, AD, AS, or on their prolongations; then 
the quadrilateral PADC is = triangle APD -f- triangle 
PDC ; and 
theareaof APAC = FAD-f PDC — ACD (I) 

.PAC=:^^^X^. 




rAR^LLBL PC«CBB. 



Heaee, 1^ sabatituting these four valnes in (1.), there 
' rsBiilts 
ACxP6 = ASxP6 = ADxP(i+DCxPc— DCxac 

= ADxPrf + DC {Pe—ae) 

=: ADxPrf + ABxPo. 

Henoe we Bee that when a body or pomt A is kept id 
eqnilibrinm by three forciea A B, AD, AS, the sum of the 
moments AB X Pa + AD x Pi^ which t«nd to turn the 
bo^ m <Hie direction, is equal to the moment A S x FA, 
which tends to turn the body in the opposite direction, and 
rinee all those forces may be resolved into innumerable other 
ficces, the proposition is true for any number of forces. 

SO. Cob. 1. — Hence the moment of the resultant is equal 
lo the sum of the moments of its components. 

31. Prop. — To Jind the reguUant of two parallel forces 
aeHtiQ perpendicutarfy at the endt of a rigid ttraight rod, 
tmd the tuonterUi oflhete two/oreei. 

Let AB represent the rod, (supposed to be without 
weighty) A P, B Q the magnitudes of the two forces P, Q j 
Knd let two opposite and equal forces S, T, expressed by AS, 
B T be applied to the extremities A and B of the rod, and 
in the prolonga- 
tion of its direc- 
tion. Then, since 
these two assumed 
equal forces S, T 
evidently balance 
each other, the re- 
sultant of the two 
forces P.QwiU be 
the same as that 
of the four forces 
F,Q.S,T. Com- 
plete the parallelograms aPAS', iQBT; then the resultant 
of t&e two forces AP, AS is As and the resultant of the two 
forces BQ, BT is B^ ; but, since the forces S, T counteract 
each other, the two forces P, Q are evidently equivalent to 
the two forces oA, AB„ which act obUtJ^uely at ttM «ada t^ \^ 
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rod AB. Prolong aA, &B till tbej meet at E, and through 
K draw MN parallel to AB, and KF parallel to AP or BQ. 
The force A a will produce the same effect as an equal force 
at K acting in the direction K A : and this force may be re- 
solved into two others, one in the direction K M, eqaal and 
parallel to AS, and the other in the direction EF, eqnal and 
parallel to A P. In the same wa^ the force B i may be re- 
moved to K, and resolved into two forces, one in the direction 
KN, equal and parallel to BT, and the other in the direction 
KF, equal and parallel to BQ. Thus the four forces P, Q, S, 
T, may be considered as acting at K, of which the two forces 
S, T, being equal and opposite, will counterbalance each 
other, and therefore produce no effect, while the other two 
F, Q, acting in the direction K F, will produce a resultant 
equal to their sum P + Q or equd to thrir representativei 
A P, B Q. Also by similar triangles. 

AP : AS {=aP) :: KF : AF 
BT (=:Q6) :: BQ :: BF : KF 

.-.AP : BQ :: BF : AF. 

But, AP = PandBQ = Q, therefore, 

P : Q :: BF : AFand 

.-.Px AF = Q X BF. 

Hence, if the line or rod A B be divided in F inversely as 

the forces P and Q, their moments estimated from F wiQ be 

equal, and if an axis pass through the point F, the forces P 

and Q will sustain each other in equilibrium on the the rod. 

32. Cob.— If as axis pass through B,and P + Q = R=: 
resultant of the forces P and Q, then, by compounding the 
last proportion, 

P : R :: AF 1 AB. 

33. Prop. — 7^ tttm of the movtents of two parallel 
I forcei it equal to 

the moment of their 
resultant. 

Let F and Q be 
two parallel forces, 
acting in the same 
direction on the line 
AB; and R their 
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resultant, acting at F, From any point D draw Dfi perpen- 
dicular to their directions. 

Put D a = p, D A = J, and D/= r, then by Axt 31. 
P : Q ::/6 : af :: FB : AFj 
.-.Px a/^(ix/b, orP{r-|»)=Q(?-r), 
whence Tp + <iq = (P + Q.)r = Itr. 
And if the point U be taken any where between a and b, 
it will be found that Qp — Pp = Rr. In this case IXa or 
p is measured in the opposite direction from U, and is there- 
fore to be considered negative. 

34. Cor. 1.— If one of 
the forces, as Q, act in an 
opposite direction, the 
forcePbeingnow removed 
to A, and tbe resultant or 
fulcrum to F nearest to D, 

then Pxa/=QxA °' Pt;* - O = Q (? - 
•■■ P;»-Q? = (P-Q)r = Rr. 

Hence in all cases the sum of the moments of two parallel 
forces is equal to the moment of their resultant, recollecting 
that the signs of those forces that act in opposite direction) 
must be considered negative, as well as the signs of those 
forces that are estimated in an opposite direction from D. 

35. Cob. 2, — Hence the resultant of any number of pa- 
rallel forces may be easily found. Let B represent a force 
equal and opposite to 
the resultant of the pa- 
rallel forces P, Q, S, 

■ &e.i if all these forces 
be moved parallel to 
their directions till they 
coincide with their re- 
sultant R, they will be in equilibrium with the force B, 





and RxD'D = Pxr)'B - QxD'C+ SxiyE + &c., 
• -.„„ T^T. - I'xiyB-QxiyC+SxD'E-|-&c 
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PxD'B — QxiyC + SxiyE4-&c . 

- p_Q4.S4-&c 

NoTB. — ^The eqnilibrinm of forces acting in diffarent planes shall be eon- 
ddered farther on; we shall now, as an application of what is already done, 
proceed to the discussion of the following subjects. 



THE MECHANICAL POWERS. 

36. By the mechanical powers we are enabled to sustain a 
great weight, or overcome a great resistance, by a small force, 
or change the direction of any force. 

The mechanical powers are usually considered six in 
ntt'mber ; — the Levers the Wheel and Axle, the PuUey, the 
Inclined Plane, the Wedge, and the Screw, 

The first three, when in a state of equilibrium, may be 
reduced to the lever ; and the three last, may be referred to 
thd inclined plane; so that, strictly speaking, we cannot 
reckon more than two simple mechanical powers. 

37. When two forces act on each other by means of ma- 
chinery, one of them is usually called the power and the 
other the weight The resistance to be overcome is the 
weight ; and the force, of whatever kind, which is employed 
to overcome that resistance, is called the power. 

1. THE LEVEB. 

38. The lever is an inflexible rod movable in one plane 
about a point called the fulcrum or centre of motion. The 
parts of the lever, into which the fulcrum divides it, are 
called the arms of the lever. When the arms are in the 
same straight line, it is called a straight lever^ otherwise a 
bended, or more commonly, a bent lever. 

39. There are conmionly reckoned three kinds of sti^aight 
levers, depending on the position of the points of application 
of the power and the weight with respect to the/ulcrum* 

40. A lever of the first kind is represented in fig. I., 
in which the fulcrum F is situated between the power P and 
the weight W. 

In a lever of the second kind, fig. II., the power P and 
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the veight W act on the same side of the fulcnim F, the 
weight being between the falcrum and the power. 

In ft lever of the third kind, fig. III., the power F and 
the wdght W act on 
the same side of the 
fulomm F, as in the 
latter case, but the 
power, in ibis case, is 
between the fulcrum 
and the weight. 

41. Levers of the 
first kind are steel- 
yards, crowbars, pin- 
cers, &«. Levers of 
the second kind are 
nut-crackera, oars of a 
boat, where the water 
is considered the ful* 
erum, fcc. Levers of 
the third kind are such 
as tongs, sheep'Sheara, 
fcc; the bones of ani- 
mals are also consi- 
dered es levers of the 
third kind, in which 
the j oint is the fulcrum, 
the muscle near the 

joint the power, and the force exerted by the limb, at a greater 
distance from the joint, is the weight. 

42. Prop. — To find the eondUioni of equilibrium, when a 
power and teeiffht act in the same plane on a lever. 

(1.) Let AFB be a lever, F 
the Ailcnun, P and W the power I 
and weight, acting respectively I 
on tha> arms AF, BF of the | 
lever by their gravity, the direc- 
tions A P, P W, will be there- 
fore parallel to one another. Now it is evident, from Art 
31, Uiat if the resultant of these two forces passes fhrongh 
the fnlcmm F, there will be an equilibrium, since the fulcrum 
ia B fixed point ; but if the resultant past ^tom^ wv-j <;Qu« 
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point in A B, SB F*, the force at F' will be uoBtipported, and 
will cause the leTCT to move round F in the directioD of this 
force. Hence it is evident, from Art. 31, that the lever A B 
must be divided in F, so that 

P : W :: FB :FA. 
Whence PxFA=WxFB. 
(2.) Bat if the directioa of the forces F and W be inclined 
to each other, let these directions meet each other in the 
point K ; and let this point be rigidly connected with the 
lever A B, then the forces P 
and W may be considered to 
be applied at the point K, in- 
stead of the ends A, B of the 
lever, and therefore the re- 
sultant of these two forces will 
pass through K. But when 
there is an equihbrium it must 
also pass through the fulcram F, as in the last case, hence 
^F will be the direction of the resultant. Let K/ represent 
the pressure on the fulcrum F, and let the paralldogram 
K afb be completed, then Ka, K& will express the two 
forces P and W. Draw FS, FT perpendicular to AK, BK, 
then 

P : W :: Ko : Kb = a/. 
:: sin K/a 
; : sinyKfi 
:i FT 

43. CoK. 1.— Put AF = a, BF= ft, the angle PAF = 
^andWBFzift then since FS = osin", and FT= isinfl, 
we shall have, by multiplying extremes and means, 

P a sin . = W fi ain ^. 

44. Cob. 2. — This proposition is equally true for straight, 
or bent levers of any figure, also from Art. 35, it is true for 
levers of the second or third kind ; while the pressure on thp 
fulcrum in levers of the second kind is evidently = W — P, 
and in those of the first and third kinds the pressure on the 
fulcrum is = W -j- P, the lever, in these cases, being con- 
Kdered to be without weight. 



\aaKf, 
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45. Peop. — If any number of forces or wagJos P, Q, fccj 
p, q, he, tutting upon the arms of a $traight lever to turn it 
m oppotite directvm», rotmd ihejulcrum F, be tuck that 

t PxFM4-QxFN + &o.-pxF« + jxFn4-fcc. 
here wiil he an e^libriam on the Iwer. 

For the resultant of 
all these forces passes 
throughF, and if we es- 
timate the moments of 
these forces from F, we 
■hall have, by Art. 35. 
PxFM+Qx FN + gw. -pxFw — }XF(« — Ac = 
KxO = 0, whence 

PxFM + QxFN + 8ic=pxF»n + 7xF» +fcc. 

46. Cob. — If any of these forces or w«ghts act obliquely, 
snch forces must be multiplied by the sine of the angle which 
their directions make with the lever, or if the lever be bent, 
iuch forces must be multiplied by the perpendiculars from 
the fulcrum on their respective directtons, 

47. To find thefulermn, when fht pofoer, weight, and IttigA 
oflwer are given. 

Betuming to Art. 40, fig. I., we haye, by Art. 42, 
P : W ! : FW : FP j whence by comp., 
P + W : P :: FW + FP = PW : FW 
P + W : W :! PW : PF 



P + W P + W ' 

whence the distance of the fulcrum from eith^ end of thn 
lever may be found. 

48, "When the power is required to be very great, and it is 



construct a very 
long lever, a com- 
pound lever, or a 
composition ofle vers 
is used. Inthecom- 
poiition of levers in 




the uraexed figure, the several levers act perpendiculorljr 
upon one another, as A B, B C, C D, the fulcrums of which 
are respectively F, F" and F*; then 

power P acting at A : weight at B : : B F j FA, 
weight at B : weight at C : : F'C s FB, 
and weight at C : weight at W : : F'D : F'C. 
Hence, by ctmipouading these three proportions, 
P : W : : FB X FC X F'D : FA X FB X F'C. 
And generallj, when a system of this kind is in eqnilibrinm, 
the ratio of the power to the weight or load will be as the 
product of the altranate anna of each lever, b^inning with 
the power, to the product of the alternate arms, beginning 
from tbe weight or load, of whatever kind the levers may be, 
recollecting that if any of the levers be bent, or the forces 
act obliquely, the arms must be considered as the perpen- 
diculars let fall from tbe fulcrums on which such forces act. 
49. A system or composition of levers may be conveniently 
arranged, aa in th« 
fig. annexed. Here 
we have three le- 
Ters, two of the 
second, I. «., A F, 
A" F', and one of 
the first kind,A'B'; 
and we will now 
consider the man- 
ner in which the 
power P is trans- 
mitted tothe weight 
W. The power P 
acting upon the le- 
ver A F, prodaces 
a downward force 
T. PX AF 
«*^=-FB- 
The arm A'Fof 
the second lever is, 
therefore, pulled 



Fi 



THE BALAKCE. 



F B X P B' 

= force with which B', and therefore A", is drawn upwards. 
And lastly, we find in the same manner, 

_ F X AF X A'F' X A'F " 
FB X FB' XF'B' 
Thna, for example, if AF, A'F, A" F" be respectively 16, 
20, and 18 inches, and B F, B'F', B" F* be respectiTely 2, 
2, and 3 inches ; then 

FX16X20X18^ 
^ 2X2X3 '""X'^. 

or the weight is 480 times the power. 

50. 7%e Balance. — One of the most useful applications 
of the lerer is to the 1)iUance, which con^iists chiefly of a 
lever of the first kind with 

Snal arms, from the ends 
which scales are sus- 
pended. This lever A B 
is called the beam, C is 
the /tjervm or centre of 
motion, g is the centre of 
gravity (wMch term will 
be hereader particularly 
defined) of the beam and 
Bcales, this point is placed a little below the fulcrum, other- 
wise the beam would rest in any position ; if, on the contrary, 
the point g were above the beam, the least disturbance would 
cause the beam to npaet. The points of suspension A, B 
should be so situated that a straight line A B, joining them, 
maybe perpendicular to the line joining the centre of gravity 
ff with the point of support m. 

In a perfect balance all the parts most be symmetrical 
with respect to the fulcrum e; that is, the parts on either side 
of this point most be exactly equal. Moreover, the scalea 
.must be in equilibrium when empty, and there must be na 
little friction as possible at the fulcrum c. 

51. The Falte BaJanee. — This balance has its ^rms of un- 
equal length, and is in equilibrium when charged with un- 
equal weights. Bat the true weight of a body may be found 




hj B. false b&lance in the following manner. Firet, weigh 
the bodj in one scale, and afterwards wdgli it in the other ; 
then the mean proportional between these weights will be 
the true weight. For let x = true w^ght of the bod;, and 
W the number of ounces or pounds it wdgha in the scale A, 
imd to the ounces or pounds it weighs in the scale B ; then, 
bj Art. 39, we shall have 

AcX«=:BeX W, 
and BcXar = AcXw. 
Bj multiplying these equations, there results, 
Ac.Bc.*»=: Ac.Bc. W.tp, 
.-. «» =Wtc, 
or x=: ^/'W w. 
That is, the true weight is a mean proportional betweoi 
the two false weights W and to. 

52. T^ Common Steelyard. — This is another useful ap- 
plication of the lever for ascertaining the weights of bodies. 
It is a lever with arms of unequal length, bj means of which 
a single weight F is sufficient to determine, from its position, 
the weight of any other body W. 

The beam of the steeljard is shewn in the annexed figimi 
C is its fulcrum. The body W, the weight of which is to 
be found, is sus- 
pended at the end S 
of the shorter arm, 
and the constant 
weight P is mored 
along the graduated 
arm till there shall 
be an equilibrium. 
Let us first asstmie 
that the scale and 
heavy ball at S keep 
the lever in equili- 
brium or horizontal, 
when the load Wand 
the weight P are removed, as is the case in some steelyards. 
Mow, let W and P be applied to the steelyard so that they 
may balance each other, then PXCP = WXCS, or 
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^ — ^^2^ , •:• when CP = CS,Wwillbe = P, «nd 

when CP = 2C S, W will be = 2P, and so oil Therefore, 
if the longer arm of the lever be marked or graduated so 
that CI, C2, C3, &c., shall be equal to SC, 2SC, 3SC, &c., 
respectiyely; then, when P is at the l8t,.2ncl, 3rd, &c., marks, 
the corresponding weights of W will be P, 2P, 3P, &c. 
Thus if P = 1 pound then W will be successively equal to 
1, 2, 3, &C., pounds, when P is at the 1st, 2nd, 3rd, &c., 
marks or divisions on the longer arm of the steelyard. In 
the figure, P is shewn at the twelfth division on the longer 
arm, therefore, in this case, W = 12P ; and, if P = 1 powod, 
W = 12 pounds. 

63. K the lever do not balance itself, its weight must be 
taken into calculation by considering it to act at the centre 
of gravity ; and if the lever be in the form of a prism, or an 
uniform bar of any kind, its centre of gravity will be at its 
middle point. 

Let / be the whole length of such a lever or steelyard, and 
,w its weight ; then the distance of the centre of gravity of 
the lever from its fulcrum C will be = ^ (/ — 2SC) at which 
distance the weight w acts, 

.-. WX SC = PXPC + i(/-2SC)tr 
whence P = W X SC-j«,(^- 2SC) 

Ex. 1. — ^Let the whole length of a lever be / = 8 feet, its 
lesser arm S C = 3 feet, and its whole weight tr = 4 lbs., 
snd let a weight W = 100 lbs. be suspended in the scale at 
S ; what weight P must be placed at the end of the longer 
arm to hold the lever in equilibrium ? 

By the formula given above 

WXSC-4ir(/-2SC) 100X3-2(8-6) ^^„^ 
P= ^ = ^ =59ilbs. 

Ex. 2. — On a lever three feet in length a weight of 
600 lbs. is suspended at one end, at 2-| inches from its ful- 
crum ; what weight at the other end will keep the lever in 
equilibrium, the lever being assumed to be without weight ? 

Am. 401bfi. 

Ex. 3. — Required the force that ir^ ^skH %. ^^xsissbs^- 




wheel over Bn obetnictimi, aBsunung the whole weight of the 
carriage to be collected at the axis of the wheel. 

Let be the centre of the wheel D C W, C the obatruc- 
tion, P the drawing power acting in the direction P, W 
the weight of the load acting in 
the direction OW perpendicular 
to the horizon. Draw C m, C n 
perpendicular to OP, OW. Then 
the wheel, in turning over the 
obstruction, must turn round the 
point C ; therefore C may be 
considered ae a lever, the fulcrum 
of which is C, and Cm, Cn are the perpendiculars from the 
fulcrum in the directions of the power and weight respec- 

Hence P : W : : Cw : Cm : : sin C0« : sin COnt. 

Put the radius of the wheel W = r, and the height of 

the obstruction = »W = A; then C« = ^2rh — A*, and 

= fTf: = = (since A is usually ¥erj 



. P: W:: V - :sinCO». 



sin COm is greatest, that is, when 00m is a right angle, in 
wbiGh case its sine is = rad. = I, whence 

P = W V ^/. 

Ex. 4. — If weights of 2, 4, and 6 cwts., be suspended at 
the distances of 3, 6, and 9 feet from the fulcrum of one arm 
of a straight lever, and weights of 4, 6, and 8 cwts., be sus-. 
pended at 2, 5, and 6 feet from the fulcrum on the opposite 
arm ; where must a weight of \ cwt. be placed to keep the 
lever in equilibrium? 

Am. 4 feet from the fulcrum on the first arm. 

Kx. 5. — 'Y\i& arms of a bended lever PF W are of equal 
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length, and make an angle at the fulcrum F of 135°; re- 
quired the position in which the lever will rest, when two 
weights of 3 and 5 cwts. are placed at P and W ? 

Ans. PF makes an angle of 8° 37' with the horizon. 

Ex. 6. — ^Required the weight of the body W, when the 
power P, on the lever in the last example, is 3 cwts., and the 
arm PF is horizontal Ans, 4^ cwts. nearly. 

Ex. 7. — A beam A B sustaining a weight W at the point 
F, is supported by two posts at A and B ; it is required to 
determine what portion of the weight 
is sustained by each of the props or 
posts, the weight of the beam being 
neglected. 

Supposing the beam to turn on B 
as a fulcrum we shall have 

Pressure on A X AB = W X F B, 

^ FB X W 
.*. Pressure on A = — 7-=r — . 

A B 

Similarly, by supposing the beam to turn on A as a fulcrum, 

there will result, 

AFxW 
Pressure on B = — r-rr — . 

AB 

Ex. 8.-rTwo men carry a weight of 2 cwt. hung on a" 
pole, the ends of which rest on their shoulders ; what part 
of the load is borne by each man, the weight hanging 6 inches 
, from the middle of the pole, the whole length of which is 
4 feet ? Ans. 140 lbs. and 84 lbs. 

Ex. 9. — ^Let the length of the beam A B in Example 7 

be 30 feet, F B = 10 feet, and consequently A F = 20 feet, 

and the weight W =18 cwts ; required the pressures on the 

supports A and B. 

„ . FBxW 10x18 ^ 

Here pressure on A = — , ^ = — = 6 cwts., 

'^ AB 30 

, ^ AFxW 20x18 ,„ , 

and pressure on B = — t- - = — ~- — = 12 cwts. 

AB 30 

Note 1. — If two or more weights be snspended at different points of a 
beam, supported by posts or props, the pressures due to each weight must be 
found for each of the posts separately, and the sum of the pressures on each 
post wiU give the total pressure on each. 



NcFn 1.— If Um ir«i^t of tbe bom be Ukeo into ««lciilBtioiv tl»t «d|bt 
miut be coDiidered u icting cm iti oeatre of graTit;, which e^tn. If fli 
bMiD be of nnifbim thickneH. will be at the middk pdnt et tba bvm. 

Ex. 10. — A beam, th« leagOi of which is 18 fee^ Is np- 
ported at both ends ; a weight of 18 cwts. ia suspended atl 
feet from one end, and a weight of 12 cwta. at 8 feet from th 
other end ; required the pressure at each point of aopport j 
Ans. Tbe pressures, b; Note 1, are found to be li 
and 9f cwts. 1 

Ex. 1 1 . — u tbe weight of the beam in the last example bi 
12 cwta., required the presaure on each point of sapport. 
Am. 21 and 15-| cwta. 
Ex. 12.— A imiform beam 40 feet in length, the weightof 
which is 4 cwts., is supported by two props A and B, 30 iixt 
apart; now a weight of 24 cwta. is suspended on the beam rt 
tne distance of 10 feet from B, the beam projecting 8 fed 
over the prop at A, and 2 feet over that at B ; required tbe 
pressure on each of the props. 

Ant. 10| cwts. on A, and 17} cwts. od B. 

TO 0RAJ>D1.T£ THE L£TE& Or A SAFETI VALTK. 

The safety valve is for the purpose of preventing the 
bursting of boilers by the elastic force of the steam. A F is 
a graduated lever turning on F 
B3 a fulcrum ; V is the valve, 
which is raised when the elastic 
force of the steam becomes too 
great for the pressure of tbe 
weight W, which presses down 
tbe valve by means of the lever 
AF. 
Let AF=L. VF = i W = WMghtatA, w weight of 
the lever A F, *■ = radius of the valve, and P = greatest 
pressure per square inch of steam in the boiler. Then « »•• = 
area of the valve or its orifice, »»•»?= pressure on the 
valve, and by the proper^ of the lever. 

LxW + iLxa' = /x*r»P, whence 

The weight W at the end of the lever may be determined 




I 



THB LEYEB. 25 

from Formula (1), after wluch the length L', corresponding to 
any other given pressure P', may be found from the following 
formula, which is derived by substituting U for L and P' for 
P, in (1) and transposing which gives 

L- = '-'^^-♦'■- . (2) 

Ex. 1.— Required the weight W when A F = 24, VF = 
3 inches, weight of the lever 4 lbs., radius r of the valve = 
l-j^ inches, and the pressure P of the steam in the boiler 40 
lbs. per square inch. 

Here the area of the valve »r« = 3*1416 x (1^)* = 7'07 
square inches nearly, which, by omitting the small decimal, 
may be taken as 7 square inches ; whence 

^^>rMP-iLt.^7X3X40-12X4^ 

L 24 

That is, 33 lbs. put at the end of the lever will give the 
required pressure. We have next to find the distance 1/ from 
F, at which this weight must be put to give any other re- 
quired pressure P. 

Ex. 2. — ^Let the pressure P' be 20 lbs. per square inch, 
all the other dimensions and weights being as in the last ex- 
ample, required the distance A F = U. 

By Form. (2). 

»r»/P — 4Lw 7X3X20—12X4 ,,.. ^ 
L = ^^ == ^ =ll^mches, 

for the new distance A F at which the weight W must be 
suspended to give a pressure of 20 lbs. per square inch. 
Similarly, the distances on the lever may be found for any 
other pressures to complete the graduation of the lever. 

Ex. 8. — ^A beam of timber, 24 feet in length, is found to 
balance itself on a prop 10 feet from the greater end; but on 
placing the middle of the beam on the prop, it requires a 
man's weight of 200 lbs. standing on the less end, and also a 
weight of 20 lbs., at a distance of 4 feet from this end, to 
balance the beam ; what is the weight of the beam ? 

Ans, 1 1 cwta. 4% V\^^. 
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54. The wheel and axle consists of wheel with a cylindrical 
axis, passing through ita centre perpendicular to the plane of 
the wheel. The power is applied to the circumference of the 
wheel, and the weight to the circumference of the axle. 

55. Fbof. — The wheel and axle are in equiUbrima when 
the power is to the weight at the 
raditu of axle is to the radiitt t^ 
the wheeL 

Let CA, CB be the radii of the 
wheel and axle, at the extremi- 
ties of which the power ■""* 
weight act ; then ABC may be 
considered as a lever, the fnl- 
crum of which is C ; and sinoe 
the power P and the weight W, 
being suspended by cords, act 
perpendicularly to A C, we shall 
have 

P : W :: CB : CA, that is 
1 rad. of axle : rad. of wheel 



56. Cob. 1. — If the poner j) act iu the direction ap, whtch 
cuts A C at right angles in D, then there will be an equi- 
librium when ;> : W ;: CB : CD. 

57. CoH. 2. — When P and W sustain each other by 
means of a wheel and axle, ibs thickness of the rope by 
which they are sustained must be taken into account ; that is, 
we must add half the thickness of the rope to eadi of the 
distances at which F and W act. Therefore, if B = radios 
of the wheel, r = radius of the axle, and 2 it = thickness of 
the rope, then we shall have 

P : W ;: r + < ; E + t 

...W = ?^> (!) 




TB£ WHEEL ASD AXLE. 



27 



59. CoE, 3. — If the wheel be acted upon withoat ft rope, 
the above proportion becomes 

T :W :: r + t -.R. 
When P and W may be found as in the preceding case. 

Sen. — By incresgiiig the rize of the vbeel in proportioD to that of tbe 
axle, a vtrj aiiiall force may be made to balance a very great weight, bnt M 
the veight is increased, the aize of the wheel mast also be increued to an 
inconrenient extent. Hence tbe Dse of a Bjetem or combioadon of irbeels 
and axlea. Sow as the wheel and axle is only a modification of the lever, 
aa alio a sj'item of wheels and axles ia only a modificatioD of the componnd 
l«ver, already described in Art 48. A system of wheels and axles are some- 
times turned by £mple contact with each other, and sometimes by cordi, 
chains, or straps passing over them ; in all sodi cssea the ftiction of the snr- 
ftces prevents their sliding on each other ; hot the most osoal method at 
transmitting power to complex machinery is by means at teeth or cojii, which 
■re raised on the larhces of the wheels and asles. 

60. Pbop. — In a systan of toothed wheels and axles, it it 
required to find the rtlati/m betineen the povjer and the weight, 
when they are in equilibriujii. 

The power P is ap- 
pGed to the circum- 
ference <^ the first 
wheel a, which trans- 
mits its efiect to the 
circumference of tbe 
first axle or pinion b ; 
this actA on the cir- 
cumference of the se- 
coud wheel e ; and so 
on through the pinion 
c to the wheel /, till 
tbe force is transmitted 
to thelast axle (^ which 
supports tbe weight 
W. This system or 
combination of wheeb 
and axles iB evidently 
the very same in prin- 
ciple as the combina- 
tion of levers in Art. 48 ; therefore P is to W as tbe product 
of the radii of all the axles is to the product of the mdii of all 
■ the wheels ; and if the letters, TefeTiing \o \\\!fc Vv*^i «tA. 
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axles in the annexed figure, denote the radii of those wheels 
and axles, we shall hare 

P : W : : 6 c rf : a 6/ 

whence P = r- (1) 

aef 

61. Cob. «— Since the number of teeth in wheels are as 
their radii, P : W : : product of number of teeth in all the 
pinions : product of number of teeth in all the wheels ; 
whence the number of teeth in the respective wheels and 
pinions may be substituted for their radii in the two pre- 
ceeding formulae. 

Note. — ^Bj a combination of wheels and axles, such as that jnst referred 
to in Art 60, a power to any extent whatever may be acquired. 

Ex. 1. — ^A weight of one ton or 2240 lbs. is sustained bj 
a rope of 2 inches in diameter, going round an axle 4 inches 
in diameter ; what weight must be suspended at the circum- 
ference of the wheel, bj a rope of the same thickness, to 
obtain an equilibrium, the radius of the wheel being 6 feet ? 

By Form. (2), Art. 57, P = ^^ ."*"/^ • 
HereW=: 2240, r=2, E = 72, and2t=2 or t— 1, 

whence P = ^^^ + ^) = «P2 = 92^ lbs. 

72 + 1 73 ^ 

If the thickness of the rope had not been considered, then 

Wr 4480 

R 

Ex. 2.— In a combination of wheels and axles there are 
given the radii of the wheels, 20, 26, and 48 inches, and the 
radii of the pinions and axle 4, 5, and 8 inches. Now, if a 
power of 1 cwt. be applied to the circumference of the first 
wheel, what weight ^nll it be able to sustain at the circum- 
ference of the axle or last pinion ? 

By Form. (2), Art 60. 

^ Yaef 112X20X26X48 „«^«^^^,^ ,,^ 

W=-r-^= j,^ r ^c =112X26X61bs=156cwt. 

oca 4X5X8 

Ex, 8. — The number of teeth in each of three successive 



P = ^r- = ^ = 69|lbs. 
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wheels ia 144, Bnd the number of teeth in each of the axles 
or pinions is 6 ; what weight will this machine support with a 
power of 2 cwt.? Am. 1384 tons 8 cwt. 

£z. 4. — A power of 10 lbs. balances a weight of 300 lbs. 
•n a wheel, the diameter of which is 10 feet ; what ie the 
diameter of the axle, the thickness of the rope on the wheel 
being one inch, and that of the rope on the axle two inches ? 

THE PDLLBT. 

62. A puUetf is a amall wheel moveable about an axis 
passing through its centre, in the circumference of the wheel 
is a groove to admit a rope or flexible chain. The pulley ia 
coUed fixed or moveable, according as its axis is fixed or 



63. Pkop. — In the single Jixed puOey Ottrt 
is an eqtdlibriuvt teken the pouxr and weight 
are equal. 

For through the centre C of the pulley draw 

AB, which represents a lever of the first kind, 
of which the fulcrum is C, and since the arms 

AC, C B are equal, the power and weight 
suspended at A and B must be equal when 
an equilibrium is obtained. 

64. Prop, — WAen the povxr sustcUnt the weight by 
of one moveable pttUej/, the power iijmt 
half the weight, if the portions of the 
ntstaining cord be parallel. 

First, it is evident that the rope 
F C D A B H must have the same ten- 
sion everywhere throughout its length, 
or the system would not be in equili- 
brium, and this tension must be equal 
to the power P, and since the tensions 
of the two partfl of the rope A D, B H 
are each equal to P, the weight W, 
anspended from the axle of the pulley 
A B, must be necessarily equal to 2 F. 
— The same may be proved in the fol- 
lowing manner, suppose A, B to be 
joined by a line paasing through the 
axle of the moveable pulley, then the 



■ 





line AB may be conridered 
as a lever of tbe second kind, 
the power P acting at A, the 
weight at the axle of the 
pulley, and the fulcrom at 
B ; therefore P : W : : + AB 
{=rad.):AB::AB:2AB, 
conaequently 2 P ^ W, or 
P =iW. 

65. Cob. 1. — Tbtj same 
principle may be applied to a 
system or combination of pnl- 
leya, all drawn by one coid, 
pasaing over an equal nom- 
ber of fixed and moveable 
puUeya. In fig. 1, P : W 
: : 1 : number of partB of 
the cord paasing over the 
moveable block. Therefoi^ 
in fig. I, where the num- 
ber of parts of the. cord go- 
ing over the moveable block 
is 4, we ahaU have P : W :: 1 ;4, 
whence 4P =W, or P = JW; 
and generally, if the number of 
these parts <^ the cord be n, we 
shall have P : W : : 1 : n, whence 



P = 



W 



66. Cob. 2. — In fig. 2, the 
weight, being sustained by three 
cords, is equal to three times the 
power; andgeneraJly, if the num- 
ber of the parts of the cord (pass- 
ing o?er moveable pulleys) be n, 
we shall have P:W ::1 ::»+], 
whence W = (m + 1) P. 

67. Pbop. — In a combination 
where each pulley hangs by a se- 
parate cord, and the cords are 
parallel P ; W ; 1 : 2"; being 
the numher of mtmeoile puUeys. 
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In this combination, a 'cord goea over the fixed pulley E, 
onder the moveable pnlley D, and is fixed to the hook at 1. 
Another eord is fixed to D, goes under the moveable pulley 
C, and ia fixed to the hook at 2; and so on. 
From Art. 63, the weight at D = 2 P, 

the wdght at C = 2 x weight at = 2' P. 
tie weight at = B 2 x weight at C = 2' P 
and if the number of moveable pnlleys be n, then 
W = 2»P. 

68. Cor. — The tenaicms of each of the atrings in this sys- 
tem ia shewn by the numbers above the hooks ; these ten- 
sions being P, 2F, 4P, 8ic. 

69. Norrx. — Although the power inowuee rapidly hi this iTtUiii, bdng 
doabled by the tdditioa of erioy moveable poller; but this idviatoge orei 
the eommon «]W«m 1» mora than eonntertiBluoed t^ the vety limited nuiga i 
dnce In th« oonmon blocks the motjon m^ be cootinned tilt the flzed and 
movMble block ooma into contact, bnt Id this ■ratem the motioD can only 
be continnad till D and E coma into contact, at which time the otha polieyi 
win baEu apart, becanae C liMB only half aa fiat aa D, B only one-fonitti, 
and A <ai]y one-dghth aa SuL Hence the iongeat poiaible range ia but a 
tmall portion of the whole height occupied b^ the system, which accordingly 
oitailsa gnat wute of apace, and ia hardly of any practical nae. 

70. Prop. — There wiUbe an egmUinum on the tingk move- 
able puBa/, wAen the poaer is to ^ loeight as radius to twice 
the eotine of the angU whieh either string makes with the direc- 
tion in whiek the string acts. 

A cord fixed at H passes under the moveable pulley B, 
and over the fixed pulley 
C, the power P being ap- 
plied at the extremity of 
the cord. The weight W 
is suspended to the cen- 
tre of the moveable pul- 
ley B, which in this case 
is assumed to be of very 
small radius. Draw the 
vertical line AB of such 
a length as to represent 
the weight W, and com- 
plete tl^ paralldogram A D B E ; then B D, B E will repre- 
sent the tensions on the cord, which are evidently each equal 
to the power P, .-. all the sides of the parallelog,tam. aie. 




equal. Now, conceive ED to be joined, by a line not sbewn 
in the figure, then we shall haTS P : W : BD : AB : : nd. : 
2 cos A B D, because the angle £ D B is the cgmplement of 
ABD. "Whence 

Wi=2Pco9 ABD. 

71. Cob. — If the weight of the moveable poUey be eou- 
aidered, and that weight = tp j 

then P:W + w ::1 :2cos ABD. Whence 

W = 2Pco8ABD — w. 

Ex. 1 — ht a system of pulleys, such u shewn in Rg. 1, 

Art. 65, the number of moveable pulleys being six, required 

the weight, the power b&ng ^ cwL and the weight of the 

moveable block and pulleys being 36 lbs. 

Ex. 2. — ^If the angle made by the horizon and a cord pass- 
ing under a moveable pnUey be 80°; what proportion does 
the power bear to the weight ? Am. F = W. 

Et, 3. — If the angle in the lost example be 45° ; what 
proportion does the power bear to the weight ? 

Am. P : W : : 1 ; ^2. 
Ex. 4.— If w be the weight of each pulley in Art. 67, then 
prove that W == 2» P — (Z" —l)w. 

THE MCLIHED FLAME. 

72. The inclined plane is considered in mechanical science 
as a smooth, perfectly hard and inflexible surface ; the iron 
rails oq an ascending or descending gradient of a railwfty 
may be regarded as a plane of this kind, or at leaat a near 
approach to it. 

"" " "" ' ' i in equilibrium on an inelmed 

plane, F : W : : ihe sine of 
the inclination of the plane to 
the horizon : the coeine of the 
angle which the iustamtng 
cord makes wiA the plane. 

Let AB be parallel to the 
horizon, AC a plane inclined 
to it ; W a body sustained on 
the plane by a power P acting 
in the direction WD. Draw 
WE perpendicular to AB, 



73. Prop. 
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take WD, W E to represent the two forces P and W, and 
complete the parallelogram W£FD. Since P and W are in 
equilibrium, their resultant must be perpendicular to the 
plane AC, and they will be supported by the reaction of the 
plane. Hence the preaaure R of the body on the plane will 
be represented by the diagonal WF of the parallelogram, and 
the three forces F, W, and R will, therefore be proportional 
WD, WE, WF. and 

P : W :: WD ! WE ;: sin WFD :sin DWF. 

But sin WFD = sin F W E = sin B AC ; and, since the 

weight W may be regarded as a point on the plane A C, and 

because WF is perpendicular to AC, sin DWF = cos CWD, 

hence 

P:W::8inBAC:oosCWD. 
74, Cob. I.— When cos C W D = rad. = 1, then 
P : W : : sin B A C : 1 

:: CB :AC, 
that is, P : W : : the height of the plane : its length ; also 
W : to pressure R agdnst the plane : : AC : AB, 
that is, W : R : : the length of the plane : its bsse. 



Whence P : 



WxBC 



W = 



R= - 



" AC 
PxAC 

BC 
WxAB 
AC 
In this case the direction of 
the power is parallel to the 
inchned plane A C, as in the 
annexed figure, and the 
weight is the greatest that 
can be supported by the given 
power P. 

75, Cor. 2, — If the power 
act parallel to the base A B, 
then the angle CWP = com- 
plement of DWF, and 




P : W ::sinBAC : coa BAG. 
:; CB : AB. 
76. Cor. 3. — ^If the power act perpendicular to the hori- 
zon the CWD = 90° — BAC, therefore coe CWD =c 
sin BAC, and consequently 

P : W : : 1 : 1, or P = W. 
In this case the weight is entirely supported by the power, 
' ' ' 1 the plane, which is also sdf-evi- 

rcea. 

77- Cor. 4. — Hence it is easily seen that, if two weights 
balance each other 




» woDid have been ^ven here, as hae already been done 
aiier cne ezponnoD of the principles of the other mechanical powers ; bat as 
the viedgi and the terea are only modificationa uf the inclmed plants the 
screw being chiefly combined with one or more of the other mechuUcal 
pawers, it is thonght beet to treat immediately of Che principlea of these two 
powera and attorwarde to give cfqiions examples on the inclined plane which, 
as a power on rulwaya, roads, &c, performs most impoitaoc eSbcts, second 
only to those of the ateam engine. Also, previous to giving these examplea, 
it will be proper to explain (he nature and define the power of varioud work- 
ing agenu by which forces an imparted. 

THE WEDGE. 

78. The wedge is commonly used for separating bodies 
that are strongly bound or pressed together, as for clearing 
timber, in which case it ia urged by percussion. The force 
impre^ed by percussion, or a blow on the back of the wedge, 
has an effect incomparably greater than any mere pressure 
or dead weight, such aa is used in the other mechanical 
powers. But as the force of percussion canuot be measur^ 
we shall only here compare its effects on wedges of different 
laclinations. 
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79. Int^aet^ ABC, the potoer acUng perpendicular to 
the back AB is to the forces actatg perpendicular to either tide 
AC or SC as the breadth of the back 
XB is lothe IcT^tk of the side AC w 
B C, the wedge ib31 be in eqttili&rium. 

For wlien three forcea are in equili- 
brium, the^ are as the corresponding 
rides of a triangle, drawn perpendicular 
to the directions in which these forces 
act. But AB is perpendicular to (fC the 
direction of the force against the back, 
and A C, B C are perpendicular to the 
forces acting against them ; therefore, if 
P ::= force on the hack, and W = pressure qn AC or B C, 
then P: W:: AB : AC ::2BinACB :1. 
.-. P = 2WsinACB. 

THE 9CBEW. 

SO. 7%e tcrew is a spiral groove winding round a cylinder 
so as to cut all the linas drawn on its surface parallel to its 
axis at right angles. The screw is, therefore, nothing more 
than an inclined plane, wrapped round the SQrfacfi of the 
cylinder, the base of the plane being equal to the circumfer- 
ence of the cylinder's base, and coinciding witU it, and the 
height of the plane equal to the distance A B between two of 
the threads. 

81. Fhof. — In a vertical screw, wAnt C6rv it an equili- 
brium, F :W :: d -.2 nr; in 
which d M the distance between 
two con^ffuous threads mea- 
sured in a direction parallel to 
the axis of the screw, and 2 » / 
is the circumferetiee of the circk 
which P describes. 

For, since 
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wrapped frtmi the cjrlinder, (see the small fig.) the base B A 
of the plane being equal to the circumference of the cylinder'a 
base, and the height A S of the plane eqoal to the distance 
between two of the threads of the screw, and since the power 
in this case acts parallel to the base, it follows from Art. 75, 
Cor. 2, thatp : W :i AB : BC :: the distance between two 
of the threads : the circumference described bj the power, 
which in this case is the circumference of the cylinder, to 
which the power V is supposed to be applied, the weight 
W resting on the top of the screw, as shewn in the larger 
figure. 

P : W : ; AB : the drcumference described by P, 
:: d :2.r, 

82. Cor. — Instead of considering the screw to raise a 
weight W by acting vertically, we may suppose it to be ap- 
plied to produce a pressure W in any other direction, and the 
proportion between P and W will be the same as before. 

83. PKOP. — In the endlets terew there wSl be an eguUibrittm, 
«-he»Y : W ::rfxpxp'xp"x^c. : 2»rx r' x r" X r"' x ^c, 

where d ii the t&itance between the 
threads arid 2'r the circun^erence 
described by the power, aa before, and 
r, r", t'", ^0. the radii of alt the 
wheeh, and p, p, p, Sfc, the radii of 
all the axles. 

The endless screw is so combined 
with the wheel and axle, or with a 
system of wheels and axles, that the 
threads of the screw may work in the 
teeth of the first wheel, .the teeth of 
the pinion of this wheel working the 
teeth of the next wheel, and so on, 
the weight being supported by the 
axle of the last wheel Let F = 
power produced by the screw at the 
circumference of the wheel E, the 
power P acting on the winch A C at 

A, then, by Art. 81, 

P :F ■.:d:2'r, 

and in the trheel and axle. Art. 60, 
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F : W : : p, p', p^', &c : r, r', r", &c. 
.-. P : W : : dp, p\ p", &c. : 2wr, r', r", r^ &c. 

84. CJoR. — In the figure to Art 83, there are three wheels 
£, F, and G, and their pinions or axles, whence in the sys- 
tem referred to 

P : W : idpp'p" : 2»r/rV"'. 

NoTB. — ^The number of teeth in the wheels and piniona may be aabatitnted 
for their radii, as in Art 61. 

Ex. 1. — The distance PW (fig. Art. 81.) at which the power 
acts is 6 feet, and the distance between two of the threads of 
the screw is 2 inches ; what weight will a man be able to 
raise, when he acts at P with a force of 150 lbs. ? 

Here the power acts 72 inches from the centre, hence 
2irr = 2x72x 3-1416 = 452-89 inches = circumference 
described by the power; whence, by Art. 81, 

P : W : : 2 : 452*39 in which P = 150 lbs. 

.^^ 452:39X150 ^33^29* lbs. 

Ex. 2. — If the endless screw be turned by a winch AC of 
IS inches, the threads of the screw being distant \ an inch 
each, the screw turns a toothed wheel E, the pinion of 
which turns another wheel F, the pinion of this another 
wheel 6, and on the pinion or axle of which is sustained the 
weight W; now the radii of the wheels to be 18 inches, those 
of the pinions and axle 2 inches, and the length of the winch 
AC s= 22 inches ; what weight will a man be able to sustain 
who acts at the handle of the winch with a force of 150 lbs. ? 
From Art. 84. 

P = 150 : W : : I X 2» : : 2 3 X 1616 X 22 X 18^ whence 

^ ^ 150x2x8-1416x22xl8» ^ 3023,630 1^. = 

ix2» 

13496 tons, nearly. 

VIRTUAL VELOCITIES. 

85. Prop. — If a power and weight he in equiUbrium in any 
machine, and the whole be put in motion ; the power : weight 
: : the weights velocity : the powei^s velocity. 

One proof of this important proposition may be sim^l^ d&- 




rived from an eanmeradoa of the cases of the differeat me* 
chanical powers. 

(1.) 7%« fetwr. Let AFB be a lever, kept at rest hj the 

power F and the weight W j and let the lever move throngh 

' a very small angle to the 

position aFbi then A and 

B will evidently describe cip- 

cular arcs Aa, Bi, which will 

be as the velocdtieB of the 

points A and B, and oltiniate* 

Ij these arcs may be taken 

for straight lines perpendi- 

cnlar to A B, and because the triangles AFo, BFA have the 

equal angels at F, we shall have 

Afl!Bfi::AF:FB, 
.-. P-s veL : Ws veL : : W : P. 
(2.) In the wheel and axle, if the power be made to des- 
cend through a space equal to the circumference of the wheel, 
the weight will be made to ascend through a space equal to 
the circumference of the axle in the same time, and since 
these circumferences are as their radii, we shall have 
Fs vcL : Ws veL : : rad. axle : rad. wheel : : W : P. 
(3.) In the smgk moveable puUey with paraUel ttrittga, if 
the weight ascend 1 inch, each of the strings is shortened 
1 inch, whence the power descends 2 inches, Uierefore 
P's veL : Ws veL : : 2 : 1 : : W : P. 
(4.) In the syttan qf puHetfS (Art 65), if the weight as- 
cend 1 inch, each of ^e strings at the lower block will be 
shortened 1 inch, and the power wiB descend n inches ; 




P's vd. : Ws veL : 



Fs veL : Wavel. ::n:l ::W:P. 
(5.) In the inclined plane, let 
the weight W be raised through a 
small space Ww and let WA be 
drawn in the direction of the 
power, causing F to descend ; then 
Yfw, tern are BS the velocities of 
power and weight, therefore 
W«':w«::AB:AC:: WiP. 
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(6.) In the screWy if the power P describe the circumfer- 
ence of a circle, the radius of which is PW, (Art 81) the 
weight W will be raised through a distance equal to two ad- 
jacent threads of the screw ; therefore 

Fs veL : W's veL ::2^x P W : AB : : W : P. 

86. Cor. 1. — Hence not only in the mechanical power, 
taken singly, but in any. combination of them, we shall have 
generally 

Fs vel. : W's vel. : : W : P. 

87. CoR.^-The weight of a body multiplied by its velocity 
is called its momentum ; and it is hence evident that, in ge- 
neral, when there is an equilibrium, the momenta of the power 
<md weight are equal. On this principle the power of a 
machine may be estimated, and frequently this will be found 
the simplest method. 

OW FRICTION. 

88. In the investigations of the problems in equilibrium 
the surfaces of bodies have been assumed to be perfectly 
smooth ; but, in practice, all bodies are found to be more or 
less rough, and therefore the results that have been deduced 
will be more or less modified by the effects of this roughness, 
which produces a retarding force called friction. It has been 
found by experiment that this retarding force or resistance, 
on a given surface, is a certain proportional part of the 
weight of the body moved, and that it is not affected by the 
rate of motion,nor by the extent of 
the rubbing surface. Thus, if the 
weight W rest on the horizontal 
plane A B, and it be drawn hori- 
zontaDy by a weight F attached to 
a cord passing over a pulley P, then 
the weight F, which is just suffi- 
cient to draw W along the plane, will measure the friction of 
W on the plane. If W be 1 ton, then, in the case of a well 
made, smooth Macadamized road, the resistance of friction 
is found to be about ^ of the whole load, or F is about 75 
lbs. to the ton ; so that a horse drawing 1 ton along such a 
road, must pull with a force of 75 lbs. ; which is called the 
traction of the horse. In the case of a raibN^^^ ^Visst^*^^ 
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friction is probably the smallest in all ways, being about j-|^ 
of the weighty therefore, if W be 1 ton, then F will be 

—- = 8 lbs., and if - = j^ then, generally, F will be = 

w 

— . The fractions -^ and j{-^ are called the co-efficients 

of friction. 

89. If the tncUnatUm of the plane^ on which a body is 
movedj is smaUy as on the ascending and descending gradients 
of railways, and the ascents and descents of common roads, 
the pressure on the plane will evidently be very nearly equal 
to the weight of the body ; hence the resistance produced by 
friction may be calculated with sufficient accuracy after the 
manner explained in the last article. 

90. Now, let P = power requisite to draw a weight W, 
including its friction, along a plane with a rise of h feet in 
100 feet, Q = power requisite to draw W along the plane 

exclusive of friction, and let the friction F be = — =: an n 

n 

part of the weight ; required the relation between P and W. 
By Art. 74. Q : W : : A : 100, 

whence Q = —^ 

, ^ r^ ^ AW . W A«+100,„ 

butP = Q+F = -+-=^j^^W. (1) 

A « + 100 ^ ^ 

Ex. 1. — ^If a train of 30 tons be moved along a level rail- 
way; what power will be required to overcome the resistance 
of friction at the rate of 8 lbs. per ton, or -^ of the weight ? 

Here the required power P is equal to the resistance of 
friction, that is, by Art. 88, 

W^30+2240^ 

n 280 ' 

or, P = 8 W = 8x 30 = 240 lbs. 

Ex. 2. — The gradient of a railway rises 2 feet in 100 ; 

what power will be required to draw a train of 50 tons up 

tAe gradient, the coefficient of friction being ^^ or « = 280 ? 
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By Form. (1), Art 89, 

Ex. 3. — The ascent of a turnpike road is 5 feet in 100 ; 
what power will be requisite to draw a load of 6 tons thereoB, 
the coefficient of friction being ^^ or n = 24 ? 

Here p ^ A^-HOO „_ 5 X 24 X 100 _ 

^^ ^ - n[00^ ^ - 100x24 ^ "^ ^^ " 

1344 lbs. = 112cwt 

THE USEFUL EFFECT OB MODULUS OF A MACHINE. 

90. The useful effect or modulus of a machine is, the 
fraction which expresses the value of the work compared 
with the power applied, which is expressed bj unity. Thus, 
if a machine only perform \ of the work appUed to it, in this 
case \ of the work or power applied is lost by friction, and 
•| is called the modulus of the machine. The work that is 
thus lost depends on the nature and extent of the rubbing 
surfaces. The work thus lost in the screw, the inclined 
chain-pump, &c., is very great. The following is a table of 
the moduli of machines for raising water, with examples of 
their application. 

Inclined chain pump \ 

Upright chain pump \ 

Bucket wheel \ 

Pumps for draining mines ... -f 

Ex. 1. — A power of 150 lbs. is applied to the winch which 
turns the axle of an inclined chain pump ; what weight of 
water will this power raise, the length of the winch being 20 
inches and the radius of the axle 4 inches ? 

By the property of the lever, or wheel and axle, in con- 
junction with the table, 

4 W = |x 20x P, whence 

^ |x 20x150 „^^„ 

W = = 300 lbs. 

4 

Ex. 2. — The piston of a steam engine draws the rod of a 

pump for draining a mine with a force of 6 tons ; what weight 

of water will be raised by the piston ? 
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Here the engine is supposed to act with a lever with 
equal arms. 

.-. W = |P = |x6 = 4 tons. 



THE PRACTICAL APPLICATION OF STATICS TO 
THE WOEK OF LIVING AGENTS AND TO 

MACHINEBY. 

In applying the principles already laid down, to estimate 
and compare the different kinds of work performed under 
different circumstances, it becomes necessary to have a dis- 
tinct measure or unit of work by which the various results 
oan be estimated and compared, 

91. The English unit of work is the power necessary to 
raise one pound through a space of one foot. Thus, if one 
pound be raised one foot either by a living agent or by a 
machine, then one imit of work has been performed ; if 1 lb. 
be raised 5 feet, then 5 units of work has been performed ; if 
4 lbs. be raised 6 feet, then 4x6 =24 units of work has 
been performed, and so on« Hence the units of worh per* 
formed are measured bt/ product of the weight of the body m 
pounds, and the space or height in feet through which it is 
raised; also, pressures or resistances of every ^d, in what- 
ever direction they are exerted, may be expressed in pounds, 
and therefore measured by the unit of work here described. 

Ex. 1. — How many units are required to raise a corf of 
coals of 5 cwt. from a pit, the depth of which is 60 &thoms? 

Weight of coals in pounds = 112 x 5 = 560 lbs. 

Depth of pit in feet = 60 x 6 = 360 feet. 

.-. the units of work required = 560x 360 = 201,600. 

Ex. 2. — The ram of a pile engine weighs 9 cwt., and it 
has a fall of 21 feet, required the units of work exerted in 
raising the ram ? 

Units ofwork = 9x112x21 = 21,168. 

Ex. S.^How many units of work will be required to pump 
6000 cubic feet of water from a mine, the depth of which is 
80 fathoms ? 

A cubic foot of water weighs 62^ lbs., hence. 
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Weight of water = 62|x6000 = 875,000 

.-. units of work = 375,000x80x6 = 180,000,000. 

Ex. 4. — A horse, moving at the rate of 3 miles an hour, 

draiws a bucket of water weighing 100 lbs., out of a well, bj 

means of a rope passing over a pulley ; required the units of 

work done per minute. 

5280x3 ^^, 
Space passed over per mmute = — — — = 264 

.-. units of work per minute = 264 x 100 = 26,400. 

Ex. 5. — How much labouring force will be required to 
raise 1000 gallons of water from a well, the depths of which 
is 50 fathoms ? 

Ex. 6. — How many units of work will be performed by a 
man descending a mine 50 fathoms deep, and drawing up a 
weight of 140 lbs. over a fixed pulley, the man's weight 
being supposed slightly to exceed the given weight ? 

Ans. 42,000 lbs. 

SOURCES OF LABOUEING FORCE AND THE WORK OF 

LIVING AGENTS. 

92. The chief sources of labouring force are etnimalSf in- 
cluding man, wafer, wind, and steam : the labouring force or 
work of animals varies according to the manner in which 
they exert their strength, and it is estimated by ^ numifer 
qftmUs of work which they can raise, or move by drawing, 
or by pressure in any direction, in one minute. The follow- 
ing table shews the amount of effective work, that can be 
performed by several of the most common Uving agents. 

Work done per minute. 

Duration of labour, eight hours per day. 

Horsepower 33,000 units.* 

A man turning a winch 2,600 „ 

drawing horizontally 3,200 „ 

raising materials with a pulley 1,600 „ 

throwing earth to the height of 5 feet 560 „ 

* This is the nomber of units of work assigned by Watt to a horse, but 
by recent experiments, it has been found to be considerably too much, § of 
which, or 22,000 is considered to be the work of a horse of average strength ; 
however, the number given in the table is still retained by engineers as the 
number of units of a horse's power. 
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The work of a mule and an ass are respectively estimated 
at f and ^ of that of a horse. 

Work of water. — ^When water acts on the float boards of a 
wheel, the quantity of work which it is capable of performing 
is equal to the product of the weight of the water and the 
height through which it falls. 

Work ofsteam.'^Steam acts by its elastic force against the 
surface of the vessel in which it is contained, and the mea- 
sure of its pressure is the number - of pounds it will raise 
upon one square inch. Thus, if in a steam engine, the 
surface of the safety valve be one square inch, and have a 
weight of 40 lbs. placed upon it, and the steam be just able 
to raise the valve, and to escape, the pressure of the steam is 
said to be 40 lbs. per square inch. 

Examples of mamwl power. 

Ex. 1.— -How many tons of earth will a man raise in 8 
hours working with a winch, (wheel and axle,) from a mine 
20 fathoms deep ? 

Here the time of work is 8 x 60 = 480 minutes, hence 

Units of work per day = 2600 x 480 (see table.) 

Units of work in raising 1 tonl 

to the height of 20 fathoms, V = 2240 x 20 x 6 

or 120 feet ) 

.*. Number of tons raised = --Tr — ^^ — x = 4*64. 

2240x20x6 

Ex. 2. — How many cubic feet of earth of 100 lbs. per foot, 
will a man throw to die height of 6 feet in a day of 8 hours? 

No. c. ft = ^^^^^ = 537f 

100x5 ^ 

Ex, 3. — ^How many tons of earth will a man raise with a 
single pulley in a day of 8 hours, from a mine 80 feet in 
depth ? 

No.oftons = l^;^^^=4f. 

2240 X 80 ^ 

Examples of horse power, 

Ex. 4. — How many horse powers will it require to raise 5 
cwt. of coab per minute from a mine 100 fathoms deep? 
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Weight of coals raised per minute = 5x112 = 560 lbs. 

Depth of mine in feet = 6x100 = 600 feet. 

.-. units of work per minute = 560 x 600 = 386,000. 

Now a horse does 33,000 units of work per minute, (see 

table. Art. 92.) 

■„ ..^ 336000 

.-. Horse powers, or ff = -^^j^ = 10^. 

Ex. 5. — How many horse-powers will be required to lift 
10000 cubic feet of water per hour, from a mine 80 fathoms 
deep? 

Weight of water = 62| x 10000 lbs. 

Depth of mine... = 6 x 80 feet. 

., . , . 62^x10000x6x80 

.*. umts of work per mm. = — ^p- , 

oO 

62ix 10000x6x80 _ 

"'^ ^ = 60X33000 ^^^«- 

Ex. 6. — How manj cubic feet of water will an engine of 
10 horse-powers raise per hour, from a mine 80 fathoms 
deep ? 

Ex. 7. — ^Required the number of cubic feet of water which 
an engine of 60 horse-powers will raise per hour, from a 
mine 80 fathoms deep, supposing \ of the work to be lost by 
friction. 

Ex. 8. — ^A forge hammer weighing 5 cwt. makes 60 lifts 
of 2 feet each in one minute ; what is the horse-power of the 
engine that moves the hammer ? 

WORK IN MOYING A CARRIAGE OR RAILWAT TRAIN ON A 

HORIZONTAL PLANE. 

NoTS. — ^When a locomotive engine commences its motion, its power ex- 
ceeds the xesistance, and therefore the speed of the engine continues to 
increase until the re^stance becomes equal to the power of the engine, then 
the speed of the train will be uniform, which is commonly called a steady 
speed, or the greatest or maximum speed, the work destroyed by the resist- 
ance being now exactly equal to the power exerted by the locomotiYe engine. 
The same may be said of all other machines ; and it is on this principle that 
the folloiwing investigations are made. 

93. Bj Art. 88, the friction on a horizontal plane is 



w 



—y or the nth part of the weight w of the carriage or train ; 
n 
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1 

— being the coefficient of friction, therefore the whole resist- 

» w ^ ^ 

ance to motion on the plane is also = — . Let P = power 

or units of work required to move the train, s = space in feet 
moved over in the time t in minutes, and ff = number of 
horse-powers in P ; then P = 33000 W = units of work 

or pounds moved one foot in one minute, and - = feet 

iff w s 

moved in one minute by the weight — , whence - x - 

•^ ^ n n t 

= units of work required in moving the carriage or 

train; 

.-. P = 33000 IP = - X t 

n t 

W s 

In railway calculations of this kind w and s are usually 
given in tons and miles, which are to be reduced to pounds 
and feet by multiplying them respectively by 2240 and 5280, 
also n is most commonly = 280 ; if, therefore, we substitute 
2240 W for w, 5280 S for *, and 280 for », in Form. (A), we 
shall have, after reduction, 

__128W.S 1-28 W,S ,,, 

^"■"-ioo7-"= — r~ ^^> 

whence W==y;^ (2) 

, ^ 1-28 W.S ,,, 

and t = j^ (4) 

Ex. 1. — ^Required the horse-power (IP) of a locomotive 
engine, which moves with a steady speed of 50 miles per 
hour, on a level railway, the weight of the train being 45 
tons, and the friction -^ of the weight of the train, the re- 
sistance of the air not being considered. 
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By Form. (1), 

^ 1-28 W.S 1-28x45x50 ^^ , 

ff = = ^^r = 48 horse powers. 

Ex. 2. — An engine of 40 H^ moves with a steady speed of 
35 miles per hour on a level railway ; required the weight of 
the train, the friction being as usuaL 

By Form. (2), 

_ W,t 40x60 ^^.^ 
^ = r28S=r283^ = ^^*^^- 

Ex. 3. — In what time will an engine of 50 Wy moving a 
train of 60 tons, complete a distance of 40 miles ? 
By Form. (4^ 

^ J, 1-28 W.S 128x60x 40 ^..^ . _,, .,, . 
/= — — = -^ =61Hniin. = lh.liimm. 

Ex. 4.— -How many miles per hour will a train of 40 tons 
be drawn by an engine of 35 IP, the friction being as usual? 
• By Form. (3), 

^ W.t 35x60 ., , M 

s=i:28w==r283r4o=^'^"^^- 

Ex. 5. — To how many pounds per ton does the friction 
amount in Example 1., the engine being 48 H* ? 
By transposing Form. (A) 

1 _ 33000^.g. _^ 33000x60x48 _ . 

n w2 ""2240x40x5280x50 '^ ^ ^ ^ 

weight of the train, or 8 lbs. per ton, the values of tr and s 
being in pounds and feet respectively. 

Ex. 6. — ^K 4 horses draw a load of 6 tons, 2 miles per 
hour, on a road of which the coefficient of friction is ^; how 
many units of work will each horse perform ? 

By transposing Form. (A), and putting U instead of 33000, 
we shall have 

-- W8 6x2240x2 x5280 ^._. . ^ , 

U = ^ — , == 1— — — — 5= 29568 units of work. 

nt. W 20x60x4 

Ex. 7. — What must be the effective ff of a locomotive 
engine, which moves with a uniform speed of 50 miles per 
hour, on a level railway, the weight of the train being 30 
tons, and the friction as usual ? An%. 32 ^. 
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Ex. 8. — ^In what time will a locomotiye engine of 50 H'9> 
which moves a train of 135 tons, complete a joumej of 80 
miles on a level rail ? Ans. 3 h. 4^min. 

£x. 9. — ^At what rate per hour will a train of ICX) tons be 
drawn bj an engine of 50 H^ on a level rail ? 

Ex. 10. — The maximum speed of a locomotive engine of 
50 H^ is 40 miles per hour on a level rail ; required the 
weight of the train. 

WORK IK OVEBCOMING THE JOINT BESISTANCBS OF FBICTIOK 
AND ORAVITT ON AN INCLINED RAILWAY OR 

COMMON ROAD. 

94. Let P= power and «r= weight in pounds of a carriage 
or train, and h = rise of the inclined plane in every 100 feet 

of its length ; then, by Art. 89, Form. (1), P = ,.7" w ; 

and let H^, s and t respectively represent the horse-powers, 
space in feet, and time required in moving the weight 

, "^ to, as in the last article; then P = 33000 W = 
100 « g 

units of work in pounds, and - = feet moved in one minute 

, , . , 100+An ^ ^ 100+ An * 

by the weight -.. w^ whence —rpj: — w x 7 = 

^ ° 100 n 100 n t 

units of work required in moving the weight, which must be 

equal to the units of work in the power, 

^ ««^^^,^T^ 100-fAn s 

.-. P = 33000 W == -r^ — w X 7 

100 n t 

whence W = (^00+*")*"' (A) 
wnence if 33000+ 100 «<• ^^' 

Now, let W = weight moved in tons and S = space in 
distance moved in miles, as usuallj given in railwaj calcula- 
tions; then to = 2240 W, and s = 5280S ; these values being 
substituted in Form. (A), and n being taken := 280 as in the 
last article, there will result, after reduction, 

256(5 + 14A)W.S . 

^ ioool ^^^ 

, ^_ 1000<.H> 
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1000^. IP 

256(5 4-14 A) VV ^^ 

256(5 -f 14A)W.S 
' - 1000 IP ^^^ 

^ . 1000^. IP- 1280 W.S 

^'^^ ^ = 3584 W.S • <^^ 

Note. — In all these fbrmnlsB Amnst be taken negatively, when the weight 
or train descends the plane, in which case gravity assists the moving power, 

it also appears that when h is negative and equal -^ of a foot, then no 
power is required to move the train, for the value of HP vanishes, since in 
this case 5 + 14 h becomes = 0. 

Ex. 1. — ^A train of 40 tons ascends a railway gradient, 
rising 2 feet in 100, with a uniform speed of 15 miles per 
hour ; required the ff of the locomotive engine, the friction 
being as usual. 

By Form. (1), 

_ 256(5 +14A)W.S _ 256(5 - f- 28) x 4 x 15 __ 

1000^ ■" ' 1000x60 -^'**T- 

Ex. 2. — ^Required the IP, as in the last Example, when 
the weight of the train is 60 tons, the rise 1 in 200 or ^ in 
100, and the rate of motion 30 miles per hour. 

Am. 92 IP. 

Ex. 3. — ^An engine of 75 IP ascends a gradient, rising | 
in 100, with a uniform speed of 20 miles per hour ; required 
the weight of the train. 

By Form. (2), 

_ 1000^. g _ 1000 X 60 X 75 _ 

"" 256(5 + 14 A)S"" 256 (V -f 5) x 20 "" ^ ^'^ *^"'' 

Ex. 4. — ^A train of 120 tons descends a gradient, rising J 
in 100, with a uniform speed of 50 miles per hour ; what is 
the W exerted by the engine ? 

Here A must be negative, because the train descends the 
gradient; hence 
By Foam. (1), 

_ 2g6(5-14A)S.W ^ 256(5 ~|)x50x 120 _ 

1000/ " 1000x60 -^^r* 

Ex. 5. — A train of 50 tons ^seeivdft «i t«^w«5 ^-siftiAfeXiV^ 



54 STATICS. 

let the force F be resolved into the three forces X',Y', Z'; and 
so on. Thus the forces P, P, &c., may be resolTed into 
three sets of forces, acting at the points Q, Q', &c., and 
parallel to Ax, Ay, Az, respectivelj'; whence the conditions 
of equilibrium may be readily foun^ as in Articles A and C 
and consequently the magnitude and position of their re- 
sultant. 



PBOBLEUS ON ALL THE PHECEDINO ARTICLES. 

(H.) Pbob. 1. — A barofironAB, \2feethng, restingon 
a ledge atB,is nq>ported in a horixontal potition at the other 
end A by a chain A C,- fattened to a hook at C, which is 16 
feet directly ahoee B; a weight "W of 12 ewtt. it suspended 
from the beam at E, 8 feet from B ; required the tension of 
the cord, the weight of the iron bar being 4 cwts. =: w. 
Ferpoidicnlar to A C draw B D, which is readily found 
to be 9-6 feet, which is the per- 
pendicular distance, from the fulcrum 
B of the force or tension acting 
in the direction A C; and the weight 
of the iron bar acts at its centre of 
gravi^ Gr, the middle point of AB, 
Now, put T = tension of the chain 
and W = weight of the iron bar ; 
then, either hy the property of the 
bent lever Art. 46, or by the equality 
of moments, we shall have 
BD X T = BE X W + BGxw = BE X W -I- JAB X w, 

(I.) pROB. 2. — ^Required the weightW, in the last Problem, 
which will be necessary to break the chidn A C, when it can 
just sustain 2 tons or 40 cwts. 

By transposing the formula in the preceding problem, there 
will result 

BDxT— iABxtP 9-6x40 — 6x4 
BE = 8 = ''^'="*^- 




W = - 



(J.) Pkob. 3. — A cone B C, o/" given dimensions and 
weight, rest on one edge of its bate at B, on the horizontal 
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plane AE, and i* nulaiited by tke cord AC; mow AC 
andXBare ffiven to determine the tetuion of the cord AG. 

From B draw B D per- 
pendicular to A C and &om 
Gr, the centre of gravity of 
the cone, draw G S perpen- 
dicular to A E ; then B D, 
BE are respectively the per- 
pendicolor distances from 
the fulcmm B, at which 
the force of tension on AC 
and the weight of the cone 
act, whence hj the proper^ of the bent lever, 

B D X tension onAC=:BExwtof eone, 
BE X wt. of cone 




.*. tension on A C = 



BD 



in which B D and B E are readily found by g 

distance of G- from the base of the cone being ^ of its hdghf . 

Art. 114. * ' 

(K.) Peob. 4.— a and B are two Jixed points, and Www 
weight suspended at a loop C in the cord AB C,itie required 
to _find the tensions onihe parts AG, BCo/thecord. 

The point C of the cord is kept at rest by three forces or 
tenatons ; t. e., the weight W 
acting by the cord C W, and 
the tensions or forces of the 
cords CA, CB acting in (he 
directions of the cords. From 
any point c in the line C W 
prolonged, draw eb, c a parallel 
to C A, C B respectively. Now 
that the weight "W" may be sup- 
ported in equilibrium, the re- 
sultant of the tensions of the 
eorda C A, C B must be in the vertical direction c C, and 
must be equal to the tenaion exerted by W, and the tensions 
of the cords C A CB will be respectively Co, C 6 (Art. 11). 
Hence, if P and Q represent the tensions of the cords C A, 
C B, we shall have 
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P:Q; W ::Ca:Ci:Cc::smBCc:^ACc: ACB. 
whence P and Q become known. 

(L.) Cor.— If the figare be inverted, and A C, C B repre- 
aent two props aapportiug a weight at C, the pree^aree on the 
two props wjll evidentlj be the same as the tensions of the 
cords which have been just determined. 

(M.) Peob. 5.— a cord AB C D, ofvskick the ends A, D 
are fixed, and at two loop* B attd C are sutpended tvm 
weightt W and W; required the conditiotu of eqwlibrium. 

Let the cord make with 
the vertical lines at the points 
B, C the angles a, a*, and B, fS 
respectively; and let B the 
tension of B C, which will 
evidently be the same both 
at B and C. The point B is 
kept at rest by three forces 
or tensions, i. e., the weight 
W, the tension A in the di- 
rection AB, and the tendon B in the direction B C. Whence 
by Art. K. 

W :P ::8inABC isinABW :: Bin(> + <t) = sin b 

Hence W = ^«™(" + '') ^ B sin a (cot « + cot i). 

In like manner we shall have for the point C, 
W = B sin S (cot fl + cot *■) i 
and since 6 is the sapplement of ^ sin ^ = sin a', therefore 
W : W ::coto + cota': cot* + cot^. 

In a similar manner we should find that, if there were 
more angles, the weights would be proportional to the sum of 
the cotangents of the angles which llie supporting cords make 
with a vertical line. 

* tloTB. — A cord, nbeD kept at reat in this wRj, ii called a ^unfcuJor 
polygon. 

FrobUms for Exercise, 
Pkob. 6. — The height of a cone is double the diameter of 
its base ; what is the inclination of its axis with the horizon 
whon it is on the point of falling ? Atit. 45°. 
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Pbob. 7. — The ends of a cord 10 feet long are fastened to 
two fixed points A and B, 6 feet apart, and in the same 
horizontal line ; where must two weights in the proportion of 
3 to 5 be hung on the cord, so that, when at rest, thej shall 
be in the same horizontal line, at a distance of 3 feet per- 
pendicularly below A B ? 

Ans, 3 feet If inches, and 3 feet 4f inches from the 
ends of the cords. 

Pbob. 8.— The position of the centre of gravity of a right 
cone being given to find the centre of gravity of a frustum 
thereof. 

Pbob. 9. — ^Required a solution to Prob. 3, when a given 
weight is suspended to the vertex of the cone. 

Pbob. 10. — Two uniform beams of equal length are con- 
nected by a joint at one extremity, and placed across a given 
cylinder ; required their position when in equilibrium. 

Pbob. 11.— How many tons of coals will a man, working 
with a wheel and axle, draw in a day of 8 hours m>m a mine, 
the depth of which is 165 feet ? 

Pbob. 12. — How many cubic feet of water will a man raise 
in a day of 8 hours by a pump to the height of 35 feet, suppos- 
ing that he can perform 25(X> units of work exclusive of the 
friction of the pump ? 

Pbob. 13. — A train of 80 tons ascends a gradient rising 
1 in 100; required the maximum speed, the engine being 
of 60 horse-powers ? 

Pbob. 14. — ^What power 'does the engine exert and in 
what direction, when the train in the last example descends 
the gradient with a constant speed of 45 miles per hour ? 

Pbob. 15. — The area of the piston of a high-pressure en- 
gine is 1200 square inches, the length of the stroke 8| feet, 
and the pressure of the steam upon the piston 32 lbs. per 
square inch and the number of strokes per minute 18 ; re- 
quired the number of cubic feet which the engine will raise 
from a mine 60 fathoms deep, the friction being estimated at 
1 lb. per square inch plus the pressure of the atmosphere. 
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THE CENTRE OF GRAVITY. 

95. Def.— 7^ centre of gravity of a body or system of 
bodies is that point on which the body or system will balance 
itself in any position whatever ; or it is that point, which 
being atipported, the body or system will be also sapported ; 
hence the whole weight of a body may be considered as col- 
lected at its centre of gravity. 

96. The centre of gravity of a body is not always situated 
within the substance of the body. Thus the centre of gravity 
of a bow is somewhere in the concavity of the bow and not 
in its substance, and the centre of gravity of a ring is in the 
centre of its circumscribing circle, 

97. Phop. — If a body be nupended at any point, it will 
not remain at rest, till the centre of gravity be in a vertical 
line parsing through the point of sutpension. 

Let S be the point of suspension of the body S B T, G its 
centre of gravity ; then the effect of the weight of the body 
to put it in motion is the same as if its 
matter were collected at G. Join S G, 
and prolong it to E, through S, G 
draw ST, G ^ perpendicular to the. 
horizon ; take d g ta represent the 
weight of the body, draw g K perden- 
dicular to S K, and complete the paral- 
lelogram GK^H. Then the force or 
weight Gj is equivalent to the two 
forces GK, GH, of which GKia sus- 
tained by the reaction of the fixed 
point S, and G H tends effectively to 
move the centre of gravity in a direc- 
tion perpendicular to S G, therefore 
the point G cannot remain at rest till G H vanishes, that 
is, when S G coincides with S T, 

98. Cor. 1.— When G is in the vertical line ST, behw 
the point of suspension S, the weight of the body will be 
effective in drawing the point S, But if G be in S T above 
S, the body will produce apressure on S. In both cases the 
body will be at rest ; but there is this important difference 
in the two cases, for if the body be moved from the position 
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of rest in the former case, it will have a tendency to return 
to it ; but in the latter case, if the position of the body be the 
least changed, it will tend to move fui*ther from its position 
of rest. In the first case it is called stable equilibrium, and 
in the second unstable equilibrium. 

99. Cor. 2. — If the body be suspended by a cord P S, 
when there is an equilibrium the line P S will be vertical, 
and will pass, when prolonged, through the centre of gravity 
of the body, which centre will evidently descend to the lowest 
point. 

100. Cor. 3.-^ Hence the following experimental method 
of finding the centre of gravity. Let the body be suspended 
by a string, and be at rest, then the centre of gravity will be 
somewhere in the vertical line passing through the point of 
suspension. Again let the body be suspended from some 
other point, then a vertical line drawn through this point 
will also pass through the centre of gravity, wluch is, there- 
fore, in the intersection of these two lines. 

101. CoR. 4. — Ka body be at rest upon a plane, whether 
horizontal or inclined, and if a line, drawn perpendicular to 
its centre of gravity, fall within its points of support, or 
within its base, the body will be at rest ; but if the perpen- 
dicular fall without the points of support or base, the body 
will fall. For, since all the matter of the body may be con- 
sidered as collected in the centre of gravity, in the former 
the body is supported, and in the latter not supported. 

102. CoR. 5, — In like manner, it is evident, that if a body 
be placed on an inclined plane, and be prevented from sliding 
by friction, the body will rest or roll down the plane, accord- 
ingly as the vertical line passing through the centre of gravity 
falls within or without the base. 

TO FIND THE CENTRES OF GRAVITY OF CERTAIN BODIES 

GEOMETRICALLY. 

103. Axiom. — The centre of gravity of a material straight 
line of uniform thickness and density is in the middle of the 
line. 

104. Prop. — To find the centre of gtamty of a triangle 
ABC. 

Bisect AB, A C in M, N; join CM, B N, cutting e«j^\^. 
other in G; then G is the centre oi ^«tV\\:^ ^^ ^^ \xs»kl^<^- 




For the trioDgle may be coaHidered to be composed of lines, 
of uniform thickness and density, 
drawn parallel to A. B, such aa a & ; 
then by aimilar triangles, 
am; : am :: CM : Cm :: BM : bm, 
and A U ^ B U, therefore a ni = 
6 m i hence the line a b will balance 
itself on C M. Similarly every other 
line parallel to AB will be in equi- 
librium on C M ; therefore the whole 
triangle ABC will balance itself on C M, and consequently 
the centre of gravity of the triangle is in CM. In like 
manner it may be proved that the centre of gravity of the 
triangle is in the line B N; therefore G the point of inter* 
section of C M, B N is the centre of gravity of the triangle. 
JoinMN; then, since A M = MB and AN = N C, MN 
la parallel to B C, therefore, 

BO :MN :: AB: AM ;:2 : 1; 

also the triangles B G C, M G N are similar, and 

CG:GM::BC:MN::2:I 

.-. CG=:2MN, and consequently C M = 3GM, 

which determines the position of the centre of gravity of the 

triangle. 

105. Con. — In the same manner the centre of gravity of 
a paralleli^ram may be found by bisecting all its four sides, 
and joining the points of bisection of the opposite sides ; the 
int^'sectJonoftheee joining lines will be the centre of gravity 
required, 

106. 'PmB.—Tofind Ae centre of gravity of two bodiet A 
and B, conneeied by an inflexible Une AB mlhout toeight. 

Divide ABinGsothatA : B :: GB : GA; then G 
is the centre of gravity. For, if G be 
the fulcrum of a lever A B supporting 
the bodies A, B in equilibrium, the 
above proportion will hold, Art. 42, 
therefore G is the centre of gravity. 

107. Cor. 1.— Hence A+B : A ; : AB : GB. 

106. Cob. 2.^Hence the centre of gravity of any number 
ofbodiei connected by infle^ble right lines without weight 
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may be fonnd. Lot A, B, C represent there bodiei of which 
the centre of gravity is required: join 
any two of them, as A and B by the 
line A B; which diride in g, by Art. 
107, Cor. i, 80 that A+B : B :: 
A B ; A^ ; then g will be the centre 
of grsTity of A and B. Now sup- 
pose the sum of the bodies A and B 
to be collected at g ; join g and C by 
the line g C, and divide it at G, so that A + B + C : C : : 
gC : if G; then G will bo the centre of gravity of the three' 
bodies A, B and C. 

109. Cob. 3. — In like manner the centre of gravity of any 
number of bodies may be found, by finding as in the preceding 
Corollaries, the consecntive centres of gravity of 2, 3, 4, he., 
bodies. 

110. COE. 4, — If all the bodies be in a right line, their 
common centre of gravity may be fonnd by finding the ful- 
crum on which they will all be in equilibrium, as in Art. 47. 

111. Cob. 5. — Hence the centre of gravity of any plane 
rectilineal figure may be found by dividing it into triangles, 
and first finding the centres of gravity of each of the tri- 
angles ; and supposing each of them to be collected at its 
centre of gravity, the centre of gravity of the whole will be 
found by Art. 108 and 109. 

112. Fbob. — To ^tid the centre of gravis of any irregular 
plane figure A F/o. 

Divide the base A F into any 
number n of equal parts, in A, B, 
C, 8cc., and draw the ordinates 
B &, C c, ftc., at right angles to 
AF; then, if the ordinates be suf- 
ficiently near to one another, the 
parts ab, be, ed, &c. may be re- 
garded as straight lines without material error, Now, con- 
ceive the diagonals a B, bC, e D, &c, to be drawn, then the 
figure will be divided into 2 it triangles ; and putting A a = 
a, Bi = A, &c., and AB = B C = ate. = A, tiie areas of 
these triangles will be 

^ak, ^bh, \ bh, \eK, \cK \dh, \dW&., 
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and the distances of the centres of gravity of these triangles 
from A a are respectively, 

JA, n— |A, n+iA, 2n— |A, 2n+|A, 3n— |A, 3»+|A, &c., 

and multiplying each of these areas by the distance of its 
centre of gravity from A a, and adding them together, there 
results 

A« [(6 + 2c + 3rf +in/) + i (a-/)]. 

Now put the distance of the centre of gravity of the whole 
from A « = a? ; then the sum of the products just found 
'will be equal to the area of the whole figure x a; = 
xx\h{a-\-2b-^2c^2d^ /). Hence 

^ & 4- 2o -h ^d i/i/-h j-(g-/) 

^ — ^'^ a + 2b + 2c / 

CENTRES OP GRAVITY OP DIPFERENT BODIES. 

(See Integral Calculus. Weale's Elementary Series.) 

113. The centre of gravity of a cylinder, prism, or any 
other body, the parallel sections of which are equal, is in the 
middle of the axis of that body. 

114. In a cone or any other pyramid, the distance of the 
centre of gravity from the base is ^ of the axis. 

115. In a conic frustum, or in the frustum of any regular 
pyramid, the distance on the axis to the centre of gravity 
from the less end is 

3 R« -h 2 R r -f y' 
i ^ • R« + R r -f. r« ' 

where L denotes the length or axis, and R and r the radii of 
the greater and less ends in the conic frustum, or the sides 
of the two ends in aqy regular pyramid. 

1 16. In the paraboloid the distance of the centre of gravity 
from the vertex is •{- of the axis. 

117. In the frustum of the paraboloid, the distance on the 

2R« 4- r* 

axis from the centre of the less end is 4 L . ^^ . — -, 

K' -f- r'' 

where L is the axis and R and r the radii of the greater 

and less ends. 

118. In a hemisphere the distance of the centre of gravity 
is 1^ of the radius from the centre. 
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Examples for practice. 

Ex. 1.— The weights of two bodies are 5 and 2 cwts., and 
their distance apart 21 feet; at what distance from the 
larger body is their common centre of gravity ? 

By Art 107. 5 + 2 : 2 : : 21 : 6 feet. 

Ex. 2. — If three equal bodies, considered as points, be 
placed at the three angles of a triangle, then the common 
centre of gravity of these bodies is the same as that of the 
triangle ; required the proof. 

Since the bodies A, B and G are all equal, the centre of 
gravity of two of them, as A, B will be at g^ the middle 
point of the side A B ; then two bodies must now be con- 
sidered as collected at ^, and let C ^ be joined ; then by Art. 
107. A + Br=2C:C::CG:G^::2:l; hence 
C G = 2 G^ = I C^ ; .-.by Art. 104, G is the centre of 
gravity of the triangle ABC. 

Ex. 3. — Four bodies, considered as points, the weights of 
which are 6, 8, 10 and 12 lbs., are placed at the succes- 
sive angles of a square whose side is 3 feet ; required the 
distance of their common centre of gravity from the largest 
body. 

Ex. 4. — Two spheres of given diameter touch one another 
internally ; required the centre of gravity of the solid in- 
cluded between the surfaces of the two spheres. 

Ex. 5. — A iron rod of uniform thickness, 8 feet in length 
and weighing 80 lbs., has a weight of 60 lbs. suspended at 
one end ; what point in the rod will be the centre of gravity? 

As the rod is of uniform thickness its centre of gravity is 
at its middle point, that is 4 feet from the point where the 
weight is suspended ; whence 

80 -f- 60 : 60 : : 4 : If feet from the less end. 

Ex. 6. — One of the sides of a given right angled triangle 
rest on a horizontal plane, and the other side is vertical ; 
reguired the greatest isosceles triangle which can be de- 
scribed on the hypothenuse as a base, so that the whole 
figure shall not fall. 

Ex. 7. — The height of a cylinder is double the diameter 
of its base ; required the angle of inclination of its base with 
the horizon, when it is just re«idy \o ^«3\. Aa&. ^^ » 
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Ex. 8. — Seven equal weights are placed at seven of the 
angles of a cube; required the distance of their common 
centre of gravity from the remaining angle. 

Ex. 9. — ^A hemisphere and a cone abut from a common 
base ; required the centre of gravity of the solid included bj 
their surfaces. 



PART IL 



DYNAMICS. 



DEFINITIONS. 

119. Dynamics treats of the action of forces producing 
motion, and of the laws of motion. 

120. Motion is the act of a bodjr's changing its place ; and 
is divided into two kinds, absolute and relative, 

A body is said to be in absolute motion^ when it is trans- 
ferred from one point of fixed space to another ; and to be in 
relative motion^ when it changes its situation with respect to 
surrounding bodies. 

121. Uniform motion is when a body passes over equal 
spaces in equal times. 

122. Accelerated motion is when a body continually in- 
creases its motion over successive portions of space in equal 
times, and it is called retarded motion^ when the spaces de- 
scribed continually decrease. 

123. Velocity is the degree of swiftness or slowness of a 
body's motion, and it is measured by the space uniformly de- 
scribed in a unit of time, as in one second. 

124. The momentum of a body is the product of its velocity 
and quantity of matter, which hust is in the compound ratio 
of its density and magnitude. 

125. Accelerating force is measured by the velocity uni- 
formly generated in a given time, without regard to the 
quantity of matter moved. 

126. Moving force is measured by the momentum uni- 
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formly generated in a given time, and it is equal to the pro- 
duct of the accelerating force and the quantity of matter. 

127. Let s be the space described in the time ^ with the 
uniform velocity v ; then by Def. 123, 

s = tv. whence ^ = -, and v =:- . 

V t 

Thus, if a body move uniformly at the rate of 5 feet per 
second, and is 2 minutes or 120 seconds in motion ; then 

* = ^t; = 5 X 120 = 600 feet, 

the space or distance passed over by the body. 

128. Let M be the momentum of a body, W its quantity 
of matter or weight, and v its velocity ; then by Def. 124, 

M M 

M = Wt?, whence "W = — , and v = ==. 

Thus, if a body weighing 20 lbs. moves with a velocity 
of 6 feet per second, then 

M = W t; = 20 X 6 = 120 = the momentum. 

Newton's ijiws op motion. 

129. First A body in motion, and not acted upon by any 
external force, will move with a uniform velocity in a straight 
line. 

130. Second. When a force acts upon a body in motion, 
the change of motion in quantity and distance, is the same as 
if the force acted upon the body at rest. 

131. Third. When pressure produces motion in a body, 
the momentum generated in a given short time is propor- 
tional to the pressure. 

132. These three laws of motion are the simplest prin- 
ciples to which dynamics can be reduced, and on them the 
whole theory rests. These laws, however, do not admit of 
accurate proof by experiment, on account of the many causes 
of error, which are impossible to exclude ; but are firmly es- 
tablished, from the following considerations. By assuming 
these laws to be true, and applying them to the investigation 
of the motions of the heavenly bodies, innumerable accurate 
results have been deduced, by operations more or less com- 
plex ; and these results have, in every case, been found to 
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agree with actual observation : it follows, therefore, that 
these laws must be true. 

133. Prop. — JVhen the force accelerates unifomdy^ the 
velocity generated in a given time is equal to the product of 
the force and time. 

Let/ be the accelerating force j then / = velocity gener- 
ated in one second of time ; and, since the force is uniform, 
f will also be the velocity to be added in the end of the next 
second ; hence 2/ will be the whole velocity generated in 
two seconds. Similarly 3/ will be the velocity at the end 
of three seconds ; and generally ^y* will be the velocity at the 
end of t seconds; therefore, putting v = velocity, there 
results 

V = ft, hence t :=i-z,. 

Thus, if / = force of gravity at the earth's surface = 
32^ feet, and the time of motion be three seconds, then 

V =ft = 32^ X 3 = 96| feet. 

134. Prop. — If a body be urged by a constant and uni- 
form force, the space which it describes, from the beginning of 

the motion, is equal to half the proditct of the force and the 
square of the time. 

Let the time be divided into an indefinite number of equal 
parts ; then, in each of these equal parts of time, the space 
described will be equal to the velocity gained ; that is, by 
Art. 133, = force multiplied by the time from the com- 
mencement of motion ; and the sum of all these spaces, or 
the whole space passed over, will be equal to the force mul- 
tiplied by the sum of all these equal parts of time from the 
beginning of motion. Put t = whole time, s = the whole 
space described, and/ = force; then 

5 = (1 H- 2 4- 3 4- 4 -f- &c.... t)f 

But the sum of the arithmetical series l-f-2-|-3-|-4-|- 

^ "f 1 ts t •\- \ 

&c....^ is = —z — 1\ therefore, s = — — tf\ but when 

t is indefinitely great compared with the indefinitely small 
parts or units into which it was assumed to be divided, we 
shall have ultimately 
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therefore « = j- ^y ; 

2s 
* whence ^ = ^ -— , 

and /=77- 

V 

135. COB.-^Since viz ft, ^ = "?> whence, 



/' 



V* 



by substitution * = i ^*/ = '^9 



therefore v = ^/2sf, 

136. Prop. — ij^ a bodyy urged by a constant and uniform 
force, move through any given space, it toiU move through 
twice that space in the same time by the velocity acquired. 

For, by Art. 133, v =ift and, by the last Art. s« = 
\ t*f = \t X tf; therefore, by substitution s = \tv; but 
the space described in the time ^ with the last velocity v is 
tv; therefore, the space described by the last velocity is 
twice the space described in the same time by the accelerat- 
ing force. 

137. Prop. — ^When a body is projected with a given ve- 
locity V, and acted upon in the same direction by a constant 
force/ : to find the space s described in the time t 

By Art. 135, the space described in the time t by the velo- 
city V = V^; and by Art. 134, the space described in the 
same time by the constant force/ will be = -J- t*f : but by 
the second law of motion, when any force is exerted on a 
body in motion, the effect is the same as if it acted upon a 
body at rest; therefore, the whole space described will be 
equal to the sum of the spaces described by each motion 
separately; consequently 

138. CoR. 1. — If the body be projected in a direction op- 
posite to that in which the force acts, we shall have, for a 
like reason, 



68 DTMAMIC8. 

139. Cor. 2. — In the same manner it may be proved that 

t; = V + ^/, 
when the body is projected in the direction of the force, and 

when projected in the opposite direction. 

140. Gravity at the earth's surface or terrestrial gravity, 
is that force by which bodies are urged towards the centre of 
the earth, and it is measured by the velocity it generates in 
a second of time. Experiments shew that a falling body 
descends 16^ feet in the first second, neglecting the resist- 
ance of the air, and that it has then acquired a velocity of 
2 X 16^ = 32^ feet, which is the true measure of the force 
of gravity; this quantity is usually represented by the letter 
^, which being substituted for / in the Formulse of Articles 
134 and 135, there will resulj; 

' = i^^' = |^=i^t;. (1) 

2s 



v=: ,^2gs=:2gt=-j, (2) 

and ^= V — = -=-. (3) 

9 9^ 

Ex. 1. — Find the space through which a heavy body falls 

in 10 seconds, and the velocity acquired, g being = 32^, 

Here * = i^^« = ^ x 32J x 10" = 1608^ feet, the space, 

and t; = 2^^ = 2x 32^ x 10 = 643^ ft. the vel. per second. 

Ex. 2. — How far must a body fall to acquire a velocity of 
120 feet per second? 

«> 120' 
Here # = ^ = i^ = 2234 feet. 
2^ 64i ^ 

Ex. 3. — In what time will a body be in falling through a 
space of 100 feet ? 

. 2* 200 ^, , , 

Here t =z ^ — = ^ —- r- = 21 seconds nearly. 
^ ^ ^ 32^ * 

Ex. 4. — How far must a body fall to acquire a velocity of 
1000 feet per second? 
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Ex. 5. — An arrow, shot perpendicularly upwards, retnmed 
again in 10 aeconda ; required the velocity with which it was 
shot, and the height to which it rose, taking g = 32|, 

Ant. Velooitj = 161 feet; height = 402| feet 

Ex. 6. — A body is projected vertically with a velocity of 
1000 feet per second ; required its situation at the end of 
10 seconds. 

Ex. 7 ■'—With what velocity must a body be projected 
downwards, fVom a height of 150 feet, that it may pass over 
that space in 2 seconds ? 

This is done by Art. 137, and the vel. is found to be 42f fu 

Ex. 8. — If a body be projected perpendicularly down- 
wards with a velocity of 50 feet per second j where will the 
body be at the end <a 10 seconds ? Ant. 1429^ feet. 

Ex. 9. — A' stone is dropped into a well, and after 3 
seconds it is heard to strike the water ; required the depth 
of the surface of the water, the velocity of sound being about 
1 127 feet per second. Aits. 135J- feet, nearly. 

Ex. 10. — A body has feUen through m feet when another 
body begins to fall from a point n feet below it ; required 
the distance the latter body will fall, before it is passed 
by the former. . n* 

'' Am. 2 — 

141. To determine the conditioni of motion on an inclined 
plane through the effect of gravity. 

Let A B be an inclined plane, B C its horizontal base, 
A C its height, and P a body 
descending on the plane ; 
from P, the centre of gravity 
of the body, draw Pjtt per- 
pendicular to B C to repre- 
sent the pressure of P occa- 
sioned by gravity; draw also 
P e parallel and "Py perpen- 
dicular to A B, and complete 

the parallelograta e/, then the forc« Fp is equivalent to the 
two Pe, Pf, of which P/ is sustained by the reaction of 
the plane; the force Pe is wholly efficient in accelerat- 
ing the motion of the body P. Let this force be ^«%Wi- 
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sented by / and Pp by g force of gravity, then by similar 
triangles. 

f:g ::Pc iFp : AC : AB, 

• -^^ AB • 

Now, put AB = /i AC = A, and the angle A B C = «, 
then the force, which produces motion on the inclined plane, 
becomes 

/= ^ - = ^ sin a. 

Hence the accelerating force on an inclined plane is con- 
stant, and the equations of motion will be obtained by sub- 
stituting this value of/ for g in equations (1), (2), and (3) of 
Art. 140. 



. = ^*=^*=^?^ (2), 



. ^ 2s Iv ^ 2ls 

and t =—=—'= ^ -— (3). 

V gh gh ^ ^ 

Ai • h V 2s v^ 

Also sm o = T = — = — r = ;; — (4), 

/ ^^ gt^ 2gs ^ ^' 

s = ^gt^ sin « = ^ — : — (5), 

r = ^^sina = y/2gs sino (6), 

V 2* 

and < = — : — = ^/ — : — (7). 

gsuia ^ sin a 



Cob. 1.— If « be taken = / in Form. (2), v = ^ ^ ' ^ 



it becomes v = ^2gk; hence, the velocity acquired is the 
same as would be acquired in falling through the height of 
the plane. 

Cor. 2. — If a body be projected down or up an inclined 
plane with a given velocity v then the distance s, which 
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the body will be from the point of projection in a given time 
t, will be respectively 

s = tv+^ =^j(2lv+ght) (8), 

and s = tv-^f = :^^(2lv-ght) (9). 

Ex. 1. — The length of an inclined plane is 200 feet, and 
its height 25 feet ; through what space will a body descend 
on it in 6 seconds ? 

By Form. (1), 

Igkt^ 16^x25x6»' ^o p ^ ai • u 
g —. ±^ — ss — ^« = 72 feet 4| inches. 

Ex. 2. — The length of an inclined plane is 100 feet, and 
its angle of inclination 60°, required the time of falling down 
it, and the velocity acquired ? 

By Form. (7), 

27" 200 

^ = V — : — = s/ -z-r- ^^ = 2-68 seconds 

g sm a 32^ x '866 

and by (6) f = ^^ sin a = 32^ x 2*68 x -866 == 74-6 feet. 

Ex. 3. — If an inclined plane rise 2^ feet in 100, in what 
time will a body, descending down this plane, acquire a ve- 
locity of 5 feet per second ? 

By Form. (3), 

t == — r = -r-r — = 6*22 seconds. 

gk 32| X 2i 

Ex. 4. — If a body be projected up an inclined plane, which 
rises 1 in 6, with a velocity of 50 feet per second ; required 
its place and velocity after 6 seconds. 

Am, 203-i^ feet from the bottom, and velocity 17|^ feet. 
Ex. 5. — If a body be projected with a velocity of 40 feet 
per second down an inclined plane, which rises 1 in 3; what 
space will it have moved through at the end of 6 seconds ? 

Ans. 144^ yards. 

142. Peop. — If a circle be in a vertical plane, the times of 
descent down all its cords, drawn from hath extremities of 
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Ha vertical diameter, are equal; and the 
velociliei acgtared in falling doton ike 
chordt are pToporAmal to their lengthi. 

Let A C B be a circle, A B its vertioal 
diameter, A C anj chord drawn through 
A, and C D perpendicular to A B ; then 
by the last article. 

time down AC^ •/ ttt 

^. AD 

2AB. . AC*_.-, 

= -^ Bince by geo. YfT == AB. 

Thia result being independent of the position of C, the 
times of descent down all chords are equal, and also equal to 
time of falling freely down the diameter A B, 

Also by the last article the velocity acquired down A C 
is equal to 

In which, since g and A B are constant, the velocity acquired 
down any chord A C is as the length of A C. 

In the same manner this proposition may be proved with 
respect to any other plane C B. 

Lemma. — Previous to discussing the following propositions, 
it will be proper to give Atwood's experiment, tbr examin- 
idg the motions of bodies, when acted upon by constant 
forces. The machine he used for this purpose was a single 
fixed pulley, with its axis placed on wheels to diminish the 
friction. Two equal weights P, P are placed in two similar 
and eqnal boxes, connected with a string passing over the 
pulley; then these weights will exactly balance each other. 
Now, let another weight p be added to each of them sepa- 
rately, and it will then be found that the velocity generated 

in a given time is always proportional to ^-^- — ; that is, 

if the whole mass or weight moved be the same, tliat 
is, 2P + p, the velocity as p, the weight that puts the 
whole system in motion ; and if jv be constant, the velo- 
city is inversely as 2P + ^ which is the whole mass or 
weight moved. Since, then, the velocity is proportional to 
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P 

rr^ — , it follows that p is proportional to (2 P + jo) x ve- 
locity, and therefore is proportional to the momentum gene- 
rated in a given time, or varies as the moving force. This 
establishes the truth of Newton's third law of motion in a 
most satisfactory manner. 

143. Prop. — When two unequal bodies are connected by a 
cord hanging over a fixed puUey^ to determine the nature of 
their motion, the cord and pulley being considered without 
toeight 

Let P and Q be the two bodies ; then it is evident that the 
moving force is in this case proportional to the excess of P 
over Q, that is, to P— Q; but the accelerating force is as the 
moving force divided by the quantity of matter moved, by the 

P— Q 
third law of motion, and is therefore as -p |^^ • When Q 

=: 0, the body falls freely, and the accelerating force is the 
force of gravity g ; hen<$e the accelerating force in this case 

i8/= — — ^ g. This value of the accelerating force being 

substituted for g in the formulae Art. 140, will shew the rela- 
tion between the space, velocity, and time of the two bodies. 

144. Prop. — To find the accelerating force when one body 
draws another along an inclined plane. 

Let a body P descend down the inclined plane, and draw 
the body Q up another inclined plane, (see ^g. Art. 77) ; and 
let a and $ be the respective angles of elevation of the planes, 
on which P and Q are in motion ; then the force of P in the 
direction of its plane is equal to P sin a, and the force of Q 
in the direction of its plane is equal to Q sin jS. Now, if these 
forces be equal, the bodies P and Q will be in equilibrium ; 
but if P sin a be greater than Q sin fi, P will descend and 
draw Q up the inclined plane. Since the difference of these 
forces, tV«., P sin a — Q sin iS produces motion, and the whole 
mass moved is P-f Q, it may be shewn, as in the last article, 
that the accelerating force iif 

_ P sin g — Q sin jS 
/ - F + Q ^' 

145. Cor. 1.— When P hangs vertically, then « = 90", 
and therefore, 
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P+Q«nf 
J- P + Q ^• 

146. Cor. 2. — When P hangs vertically, and Q is on a 
horizontal plane, then o = 90° and ^ = 0, therefore, 

•^""P-hQ^- 

Ex. 1. — ^P and Q hang over a fixed pulley, P = 97 lbs. 
and Q = 96 lbs.; required the space descended by P in 10 
seconds. 

_, . P~Q 97-96 g , . , , . , 

^"'' -^ = PTQ ^ = 97T96 ^ = 193'^^^'^ ^^^^'^^' 
.^ X ^ i. . , • . i or ^« 193 X 100 

stituted for gm s ^ ^gt% gives ^-^^ 12x19 3 "^ 

8^ feet = space descended by P. 

Ex. 2.— A weight P of 1 lb. drags a weight Q of 99 lbs. 
along a smooth horizontal table; required the distance de- 
scended in 10 seconds. 

P 1 

Here / = ^ g = rr— ^, this substituted for ^ in ^ 

, .0 • \9^^ 16^x100 ,^, ^ 

^^gt\ gives. = 1^^ = -^^^ = 16^ feet = 

space descended by P. 

Ex. 3. — There are two equal weights, one of which de- 
scends vertically and draws the other up a plane, inclined 
30° to the horizon ; required the accelerating force. 

Ans. /= \g = 4^ feet 

ON MOTION UPON A CURVE AND THE VIBRATIONS OP 

PENDULUMS. 

147. Prop. — If a body fall from rest down a perfectly 
smooth curved surface, the velocity acquired is equal to that 
which would be cuiquired in falling through the sameperpen' 
dtcular height. 

Let A B C D be a system of planes ; draws D T parallel 
and A T perpendicular to the horizon, also draw B 5, C «, 
parallel to D T. The velocity acquired in falling from A to 
B is equal to that which would be acquired in falling from 
A to 6 (Art 141, Cor. 1), and supposing no velocity is lost in 
passing from one plane to another, the body wiU begin to 
descend down BG with the velocity acquired in i^lling 
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through AB consequently the velocity acquired nt C will be 
the Bams as in falling perpendicularly through A c. Simi- 
larly it may be shown that the 
velocity acquired at D will he 
eqnal to that which would be 
acquired in falling through 
the perpendicular distance 
A T, supposing do velocity to 
be lost in passing from one 
plane to another. Now, let 
the number of planes be in- 
creased indefinitely, then the 
angles at B, C, he., will be di- 
minished indefinitely, therefore 

the velocity lost is diminished indefinitely, and the system of 
planes approximates toacurve ABGD aa its limit, in which, 
therefore, no velocity will be lost. Hence the whole velocity 
acquired in falling down the curve AB C D is equal to that 
which would be acquired in falling down the same perpen- 
dicular altitade A T. 

148. Cob. I. — ^If a body be projected up a curve, the per- 
pendicular altitude to which it will ascend is equal to that 
through which it must fall to acquire the velocity of pro- 
jection J since the body in ascending will be retarded by the 
aaine degrees that it was accelerated in descending. 

149. Cob. 2. — This proposition is true when the body is 
retained in the curve by a string or cord, which is at every 
point perpendicular to the curve, since the string will, in this 
case, support that part of the weight of the body, which was 
before supported by the curve. 

THE FENDULUU, 

150. Def. 1. — A. pendulum consists of a heavy body, sus- 
pended by a thread or slender wire, and made to vibrate in a 
vertical plane. When the body is considered as a pointy and 
the thrrad or wire without weight, it is called a simple 
rmtdubtm. 

151. Def. 2. — The time from the commencement of mo- 
tion till all the velocity is lost by the ascent of the body, is 
called the lime of oscHtaiian ; and the angles through which 
the body moves is called the amplitude. 



152. Prop. — To Jtnd ike time of ote^a&m of a pendvbtm 

a small circular are. 

Let a body descend from A, 
and be kept in the circular arc 
AOB hj the thread CA, which 
is anpposed to be without 
weight ; let the body descend 
to M, and let the arc M N be 
in definitely am all; then we may 
consider this arc with the velo- 
city at M uniformly contiiiued. 
Put this velocity = v, then the 

. «»^ MN 

time through MR = ; 

but the velocity at M is equal 
to the velocity acquired in fall- 
ing from DtoP (Art. 147), 
therefore 

t' = Sffx DP = 2£/(0D-0P) 

(chord A 0)' - (chord M 0)' 




= 2s-. 



2C0 



A O) — arc M O) J very nearly ; 



c AO is supposed never to exceed 2 or S d^rees, 
/ being the length of the pendulum ^ A C. Now, take 
Oa = arc OA, and describe the semicircle adb, with the 
radius O a ; draw mh, nd perpendicular, and h e parallel to 
On, and join Oh; then 

«'=^(0o'-0»»') = 7""i'; »nd p = n.AV?; 

■_ w,.T MN mn I 

.', time through MN = = — r s/ -. 

V mh g 

Now M N or ffl n being indefinitely small, h d may be con- 
sidered as a straight line, and the triangles Oi&m, chd will 
be ultimately similar, therefore 

OA -.mhwhd -.he or ran; 

mn hd hd 

mh Oa Oa 
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» i-k«--KT hd , I hd , I 

.'. time through MN = 77— J - =i -pr-— J — . 
° Oa ^ OA g 

As this is true for every indefinitely small part of AO or Oa, 
and as the sum of all the portions hd h evidently equal to 
the semi-circumference adb^ the time of moving through 

A O B = -rr — »J — ; and since 
Oa g 

adb:Oa:=OA ::ir:l there results 

adb 

OA 

.'. time of describing AOB = t V ~; 

which, putting t for the time of oscillation, becomes 

^ = » ^/ — . 
9 

153. Cob. L — Hence, if L and / be the lengths of two 
pendulums, and T and t the times of their vibrations ; then, 
since ^ and g are constant, we shall have 

T It :: VL : >//, 

or T : <* : : L : /. 

From which proportions, if the length of a pendulum and 
the time of its. vibration be given, the length of any other 
pendulum to vibrate in a given time may be found, and 
vice versa, 

154. Cor. 2. — ^In the latitude of London the length of the 
seconds pendulum is found by experiment to be 39-|- inches, 

nearly ; substituting this for / in the Form., ^ = t V -, tak- 

ing ^ = 1 second, and transposing, there results 

^ = »« / = 32-J- feet, nearly. 

155. Cor. 3. — If n be the number of seconds in a day, 
and s the number of seconds in the same time ; then 

« » ,9 
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hence, if ^ be given n, the number of vibrations varies in- 
versely as the square of the length / of the pendulum. 

1 56. Cor. 4. — If / be increased by a small quantity \ and 
n be diminished by a corresponding quantity y ; then 

whence '- = ij, or , = g. 

157. Cor. 5. — If / be given, and g be increased by a small 
quantity 7, also let v be the corresponding increment of n ; 
then 

^+^=^?^^=1+|Z nearly, 
n ^ g ^^g ^' 

ny 
hence p zz-r— , 

158. Cor. 6. — The force of gravity above the earth's sur- 
face varies inversely as the square of the distance, in the 
same latitude ; therefore, if r = radius of the earth, h = 
height of any place above the surface, 7 the gravity at that 
height, and v the number of seconds, which a pendulum vi- 
brating seconds at the earth's surface, loses in a day ; then 

nh 



159. Note. — ^The> force of gravity has been found to vary in difiRsrent 
latitudes ; the increment of its force above its force at the eqaator being 
nearly as the square of the sine of latitude. 

£x. 1. — The length of a pendulum is 60 inches; in what 
time will it vibrate ? 

By Cor. 1. T« : ^« : : L : 4 

but / has been found (Cor. 2) to be 391- inches^ when it 
vibrates seconds ; hence 

T« : 1« :: 60: 39| 

• ' "^ — >^ 313 ~ ^ 313 ~ ^'^^ seconds, nearly. 
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Ex. 2.— lUqnirod the length of' a pendulum, that makei 
80 vibraUans in a minute. Am. 22 inches. 

Ex. 3. — If a clock loses 1 minute in 24 hours, how much 
must the pendulum be shortened to make it keep true time ? 
Ant. ■jI'c of an inch, nearly. 

Ex, 4. — A seconds pendulum is carried to the top of a 
mountain 1 mile high ; what number of seconds will it lose 
in a day, tibe radius of the earth being 4000 miles? 

^ „ « «A 86400 X I „.. 

By Cot. 6, ' = — = — ^^ — = 21| seconds. 

Ex. 5, — A pendulum vibradng seconds at the equator, 
when carried to the pole, gains 5 minutes per day ; find the 
proportion of the equatori^ and polar gravity. 

Ara. 144 : 145. 

OM THE UOTIOH OF PROJECTILES. 

160. Prop. — A bod}/ projected obUquefy to the horizon, 
will describe a parab^; tt^iposing that the motion it not 
effected by the retigtance ^tne air. 

Let a body be prqeoted from A in the direction A T ; 
dirough A iLraw D B perpendicular to the horizon, and let 
A T be the apace the body would 
describe with the velocity of pro- 
jection continued uniformly dur- 
ing the time t, and AB the space 
through which gravity would cause 
it to descend in the same time ; 
complete the parallelogram A M ; 
th^, since the motion in the di- 
rection AT neither accderafes nor 
retards the approach of the body 
to the line B M, the body will be 
in the line B M at the end of the 
time (. By like reasoning the body 

will be in the line T M at the end of the same time, and 
therefore it will be at M, the point of their intersection at 
the end of the time t Let V be the velocity of projection, 
then, because AT is the space which would be described 
in the time t with the velocity V continued uni&Km!;}^ 
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AT = Vf ; and, since AB is the space through which the 
body would fall by gravity in the time ^ AB = i^^; hence 

. 2AB AT' BM' ,. . „ „ , 
*' = -^=^^«^^; (amceAT = VO 

2V» 
.-. BM' =-=--. AB. (1) 

Hence the curve A AI is a parabola, of which' A B is the 

2V' 
diameter, BM an ordinate, and ■ — — the parameter. (See 

Hann's Analytical Geometry, WeaUt Series.) 

161. Cor. 1.— If A D be taken == i of the parameter at 

X = i X = 5" . and D E be drawn perpendicular to 

ff ^9 
BD, DE, will be the directrix of the parabola. For the dis- 
tance from the directrix to any point in a parabola ie equal 
to the distance of this point from the focus. (See Hatm's 
Anafyt Geo. Art. 25, Far.). 

162. Cor. 2. — The horizontal velodty of the body is uni-- 
form, since it is evidently not affected by gravity. 

V 

163. COK. 3. — Because AD=-— , AD is the space' 

2g *™~ 

through which a body would fall to acquire the velocity of 
prqjection V. AD is usually called the impettu, or height 
due to the velocity in the curve. 

164. Cob. 4. — A T is a tangent to the parabola at A, 
because it is parallel to B M ; (see Hamii Anab/. Geo.), 
therefore, if the angle TAC be made = TAD, and AC = 
AD, C will be the focus of the parabola ; and, ^e focus and 
directrix being given, the parabola can be constructed. 

165. Prop. — To find the equation 
of the parabolic curve, deaeribed by tke 
projectile, referred to horizontal and 




Let A = AD = impetus = height of 
the directrix, A P = i, P M = y, the 
angle PAm ^ a, V ^ velocity of pro- 
jection, and t = time of describing 
AM; then 
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-. . . sin (o — jS) 

nnnA • -B • 4 a — ^^ : : COS a : COS iS, 

™^ • cos ^ 

... B^4;^ «in(a^^)cosa 

Mi tf7l. Cor. — If the plane be a descending one, as A T, the 
^le ^ must be considered negative. 

172. ScHO. — The theory of projectiles, just given, depends 
. three suppositions, which are all in some degree inac- 

j^rate: Firstly, that the force of gravity in every point of the 
orve described by the projectile is the same. Secondly, 
jhat it acts in pdndlel lines. And thirdly, that the motion 
takes place in a non-resisting medium. The two former of 
these suppositions, however, differ insensibly from the truth ; 
but the resistance of the air affects the motions of all bodies, 
especially when their velocities are great, so very materially 
as to m^e the parabolic theory almost useless in practice. 
From experiments made with great care, it appears, that 
when the velocity is about 2000 feet per second, the resist- 
ance of the atmosphere is about 100 times as great as the 
weight of the ball ; and that the maximum horizontal range 
is less than a mile, while according to the theory, it ought to 
be above 23 miles. — Another great irregularity in the firing 
of balls is the deflection of its path to the right or to the left 
of the vertical plane passing through the axis of the gun. 
Deviations of this kind usucdly take place when there is con- 
siderable windage, t. e,, when the ball is too small for the 
calibre of the gun. This deviation has been found to be, in 
some cases, as much as 300 or 400 yards in a range of a mile, 
or extending from ^ to J of the whole range. 

Dr. Button has deduced from experiments various rules 
to remedy these deviations of the theory from actual practice; 
for which, see his Tracts, Vol. HL 

173. The following rule, obtained from experiment, has 
been given, to find the velocity of any shot or shell, when 
the weight of the charge of powder and that of the shot are 
given. 

Rule. — Divide thrice the weight of the powder by the 
weight of the shot, both in the same denomination ; extract 
the square root of the quotient, multiply the root by 1600, 
and the product will be the velocity \xv feeX» 
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That is, if ^ be the weight of the powder, h> that d" the 
ball, and v its Telocity ; then 

r ;=: 1600 V -^■ 

w 

Ex. I. — It is reqnired to find with what vdocitiea the 
following shells, weighing 90, 48 and 16 lbs., with the re- 
spective charges of 4, 2 and 1 Ibe. of powder, will be dis- 
charged. 

By the rale just given, the respectire velocitiee are found 
to be 584, 565 and 693 feet per second. 

Ex. 2. — Required the time in which a shell will range 
3250 feet, at an elevation of 32°. 

Ant. 11^ seconds nearlj'. 
Ex. 3. — How far will a ball range on a plane which as- 
cends 8^°, and on another which descends 8^° ; the veloutj 
or impetns being 3000 feet, and the elevation 32|°? 

Am. 4244 feet on the ascent and 6754 feet on the 
descent. 

ON THE BOTA-nON OF BODIZS. 

174. Pkop. — In a rigid tffstem of taaUrial parliclet m, m', 
m", &c., in the tame horvumtal plane F Q, and moveabU 
round a vertical axit B S, a moving force F aett at iht point 
P, in the tame plane, to turn the tyttem; to detemune the 
accelerating force at any point. 

Put m -f m' + »j" + &c. =: M; and let//, &c. be moTing 
Ibrces which, acting separately on the particles m, m', &c., 
would produce the same velocities as they would acquire bj 
the action of the force F, 
when tbey are connected 
U^ther ; and let e be the 
angular velocity imparted 
to the system by the force 
F in the indefinitely small 
time t, to radius ^ 1, and. 
r, j', r", &c., the distances 
of the particles m, m', &c., 
from the axis R S at C ; 
then rv wiU be the velocity 
given to the particle m. 
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Now, since the moving force/ is supposed to give the velocity 

f 

r t; to m in the time L we shall have r r = ~/L by the laws 

m '' 

of motion, ov ftzumrv. Let the force — ^ acting at P, 
balance/ acting at »i, then the force ^ will produce the same 
effect on m as/ does ; for if the forces ^ and — ^ act on the 
system, they will produce no change in the motion ; and be- 
cause/and — ^ counteract eacK other, the only efficient force 
is ^; hence P C x ^ = C Mx/, and (putting P C = a) ^ z= 

J -; .\^ 1-=:- ftzzL . Smiilarly ^ ^ z= i-, a t 

= &c. Now, because the forces ^, ^', &c., produce the same 
motion in the system as the force F, we shall evidently have 
F = ^ + ^ + ^" + 8m5.; therefore, 

F ^ = (^ + 0' + &c. ) ^ = ^-^ + -^1^ + &c. 

a a 

Fat 



mr + m'r'^ + m" r"« + &c. ' 

But the velocity of any particle w = r t? = accelerating 
force at m X ^ 

Far 

.*. accelerating force at m = — t— — , ,. . , — . (1) 

Fa* 

accelerating force at P = t—. — , ,, . - . (2) 

^ mr* +m r* + &c. ^ ' 

F a 
and accel. force at 1 from R S = t— — , ,^ . ^ . (3) 

175. CoR. 1. — ^When the moving force F is a weight W, 
connected to the system by a cord passing over a fixed pulley 
F = W ^ ; and since W must be one of the bodies i», m'y &;c. ; 
hence 

accelerating force at F = ^^._^^y/_^^,^„_^g^ . 

176. Cor. 2. — ^When the particles w», m\ &c., are not in 
one plane perpendicular to B S, a plane may be t^en passing 
through the centre of gravity of the system, perpendicular to 
R S, and the whole system may be considered to be projected 



< 
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on this plane by lines parallel to B S ; then, since each point 
is by this means kept at the same distance from R S, the 
effect produced by the motion will not be changed ; therefore 
Formula (1), (2) and (3) will stiU hold. 

NoTB 1. — The denominator of the fraction, which expresses the accele- 
rating force on any given point of a system, is the sum of each parUde nwki- 
pUed by the square of iU distance /rom the axis; this sum is calle^ the 
Moment of Inertia with regard to this axis, and continually occurs in ccm- 
sidering ti^e rotation of bodies. 

Note 2. — Nearly in the manner just given, D'Alembert has made all the 
most abstruse parts of dynamics to depend on the principle of equilibriuoEi. 
This is commonly known by the name of D^Alembert^s Principle. 

177. Peop. — To find the centre of gyration of any system 
of material particles. 

Def. — The centre of gyration of a system of bodies, re- 
volving round an axis, is that point in which, if all the matter 
of the system were collected, the same moving force would 
produce the same angular velocity in the system. 

Let T be the centre of gyration ; and put C T = rf ; then 

F a* 

the accelerating force at the point P = — r— ; — , ,^ , o — > 

and if all the matter of the system be concentrated at T, the 

Fa* 
accelerating force at P will be = yjrii > *^^ because the same 

angular velocity is produced in both cases, these accelerating 
forces must be equal ; hence 

M rf« = »i r + w' r « + &c. 

mr^ +m:r'^+m"r"^ + kc. _ mr^ + m'r'^ + kc. 
•'•'^-^ M ""^ m + m' + ikc. 

1 78. Prop. — To find the centre of oscillation of any system 
cf material particlesy moveable round a horizontal axis, 

Def. The centre of oscillation is that point in a system at 
which, if the whole system be concentrated, it would vibrate 
in the same time as the whole system would do. 

Let m, m\ &c. be any number of particles connected to- 
gether, and let them idl be projected perpendicularly on 
a plane, which passes through G, their centre of gravity, 
and which is also perpendicular to the axis of suspension 
P C, also let O be the centre of oscillation, and P its pro- 
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jection in the axis F C ; then since 
each pftrticle is thus held at the same 
distance from the axis P C, the accele- 
rating force will be the same distance 
from the axis as before. The moving 
fts'ces Toay in this case be considered 
the same as the weights m, m', &c.; 
and the distances at which thej act 
from C are Cp, Cp', &c., therefore, by 
Art. 17s, the accelerating force on 
any point O, arising from each of these boilies, will be 

.. ■ ,_,■,„ » — -a , , _,, I o. > »C'( hence 

the accelerating force at O, resnlting from all the particles 
acting together, will be 

(w.Cp+W.Cp' + &c.).CO.g _ M.CG.CO.gsin- 

m r^ + m' r' + &c. ~ m r" + m' r'« + &c ' 

for m.Cp + m: Cp' + &c. = (m + w»' + &c.) ^ I = 

M . C G sin <>, o bdng tlie angle C G L Similarly the acce* 

leratiog force of a particle m, placed at O, is — '- rct* 

= ff sin o; and since is the centre of oscillation, these 
forces must be equal ; hence 

M.CG.CO.ffain«=(mr» + i»'r» +&c.)? «n «, 



M.CG 

179. Cor. I.— Becau8emr»4-'»V»+fcc. = M.CG.C0 
= M . C T» by the preceding prop, j we have C G . C O =: 
C T' ; hence the centre of gyration is a mean proportional 
between the centre of gravity and the centre of oscillation. 

180. Cob. 1. — ^Because the accelerating force of the whole 
system at the point 0, is the same as that of a single partide 
placed at O, the time of oscillation of the system will be the 
same as the time of oscillation of a simple pendulum, the 
length of which ia C O ; therefore, if CO = I, the time of a 

very small oscillation will be = '«/' * 
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TO FIND THZ HOKEHT Of DTEBTU. UfD TEB CKXTItB OF 
OBOILLATIOM BT THE DIFFEBENTUI. CALCCLCS. 

181. If it be Msumed that the particlea m, m', he, that 
make np a bodj' are all equal and their number indefinite^ 
great, m will be altimatelj proportional to dM, the difierantiu 
of the man of the bodj, thu^ore hj the principle of the 
differential calculus, r being the distance of tn or if M &om 
the axis, 

moment of inertia := fr* dii; 
and, if k be the distance of the centre of g^ratioii firom the 
same axis, 

k' M =/r» d M, 

In finding the moment of inertia of lines, planes, and 
solidit, they are supposed to be made up of an indefinite num- 
ber of particles of matter nniformlj difiused over them. 

182. FtiOF.— To ^nd the mtnaent of mertia of the right 
line A B, revolving round an axij perpendicular to it al^. 

^ PutAB = a, Bm = r, then 

Tj [ I I A the differential of the mass M, 

' ' or ifM, is proportional io dr, 

therefore by the last article 



r r ' 

and when r = a, A* = ^a*, and 
the moment of mertia A* M = ^ a* M. 

183. FsOF.— To Jind the mo- 
ment of inertia of a circle A B, 
revolving round it* centre G- in 

Put the radius KG — n, the 
radins m G = r ; then the cir- 
cumference mn = 2rr, and the 
differential of the area of the 
circle mn tz 2wrdr ;= dUi 
hence 
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M "■/2,rr£^r-^ ' 
and when r =^ a^ k^ = ^a\ and A'M == ^a^M. 

184. Prop. — To find the moment of inertia of a circle re- 
volving round an axis lying in its own plane. 

Let B S be the axis of rotation, G R, a line perpendicular 
to RS, pmq any line parallel to RS. Put RG = ^, AG = a, 
R m = r, G «i = a?, and /> »i = m 9 = ^ ; then 

dMz=2i/dx s/a^ — x\ and r^ = (6 — x)\ therefore 

ff^dl^—f2dx (b — xy ^a^ ~^x^, hence 

_ f2dx{b — xf ^a^-^a^ _ (^ + \a^)f2dx s/a^—x^ 

bj taking the integral by parts between ar = — a, and 
a? + a, therefore 

*» = a2 + i^^ and h^M. = (a* + ift2)M. 5 

185. Prop. — To find the moment of inertia of a sphere 
Aq'Bp revolving round a diameter AB. 

Let ^ ^ be a section of the sphere perpendicular to the axis 
of rotation AB; put A G = a, M G = a;, and mp = mq zz 
y \ then, because the section /> ^ is a circle revolving round 
the axis A B, which passes through its centre, the moment 
of inertia of this circle =iy'M = -^«-y'*; therefore the 
moment of inertia of the circle p q^ when its thickness is the 
indefinitely small space dx^is^ie y^d x\ hence 

r, f\^y^dx ^ fi^ja^^x^Ydx TVirg' ^ ' 

"" f^y^dx f^{a^'-x^)dx "" |ira» ^ ' 

the integral being taken between ar = — a, and x 1= a, 

.-. ;fc2M = |a2M. 

The following are the moments of inertia of several regular 
solids revolving round their axes. 

186. In a cylinder A^ M = ^ a^ m. 

187. Li a paraboloid k^ U =^ \ a^ M. 

188. In a cone A'^ M = ^ d^ M, a being the radius of 
thfi base 

189. in an ellipsoid h^M,= \(a^-^ b^)^ a«OL^bV«a^ 
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the semiaxes of the largest section perpendicular to the axis 
of rotation. 

190. Pbop. — To find the centre of osctttatian in lineSy 

planesy and solids. 

^ . ,^^ ^^ numient of inertia k* 
By Art. 178. C0 = ^^ =^, 

and k^ is found by the preceding propositions. 

The following are the distances of the centre of oscillatiott 
from the point of suspension in certain given figures. 

191. In a straight line, vibrating at its extremity, CO 
= I a. 

192. In a circle, vibrating about its axis in its own plane 

C0 = rf + -73, CGr being = dy and the radius of the circle 

= »•• 2 r* 

193. In a sphere, C O = rf + -=— i-> i^ which d and r are 

5 a 

the same as in the preceding article. 



PART HL 

HYDROSTATICS. 

194. Hydrostatics is that branch of Statics which treats of 
the equilibrium of fiuids. 

195. Fluids yield without resistance to the smallest force 
impressed on them ; they are divided into elastic and non- 
elastic fluids. An elastic fluid is one the dimensions of which 
are diminished by increasing the pressure upon it, and in- 
creased by diminishing the pressure, such as common air, 
gases, and vapours. A non-elastic fluid is one the dimensions 
o£ which are very little affected by any pressure, however 
great, such as water, mercury, spirits, &c. 

196. Pbop. — Any pressure communicated to afiuid at rest 
it equally transmitted throughout the whole fluid. 

(This proposition, which is commonly made the basis of the 
doctrine of hydrostatics is proved by experiment.) 
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Let c d e/ be s closed box filled with water ; P a pistoa 
fitted iQto the apper face of the 
box, and allowed to move as 
freely as posaible, and suppose 
another piston Q* with a trans- 
verse section equal to that of 
P, also fitted into the upper 
face of the box ; then, if a 
weight be placed on P, an equal 
weight must be placed on Q, to 
preserve the equilibrium, thus 
abeving that the weight on P 
ia transmitted through the fluid 
to the under surface of Q, and 
also with equal force, because it requires an equal weight 
on Q to balance this pressure. Again, if a piston p equal to 
P be fitted into a lateral opening in the side of the box, as at 
a b, it will be found that a pressure must be exerted at a $ to 
retain the fiuid in the box, before any pressure is applied at 
P ; if then a weight be placed on F, an additional pressure 
equal to the weight on P, must be applied on ;» to maintain 
the equilibrium ; thus proving that the pressure upon the 
surface at P is transmitted with equal force through tbe 
whole mass of the fluid. 

e of the moat extraordiDan properties of fluids U that <tf 
prMBoree in every direction ; tbla property can be concfflved to 
m the perfect freedom with which the partiolee of ■ fluid move 
smongH eocQ other. This, in amechiaical point of view, is the characterietic 
dutiuctioD between fluids and solids: a lolld imparts pressure only in the 
directioQ Id which tlie force is exerted, while a Said imparta pressure in aU 






197. Pbop. — The pressure at any point 9 in the interior 
of a fluid, the densi^ of which is uniform, 
and which is acted on by no force but I 
gravity, is equal to the weight of the 
vertical column p 9. 

Assume all the fluid ui the vessel A B 
to be solid, except the vertical column 
P q ; then it is evident that the particle 
q will be precisely in the same state as 
before ; it is also evident that on the particle q the prcBaure 
* Tbe piston Q is not shewn in tb« fif^ub. 




is eqiul to that of the column above it pg; hence, when 
the whole is flaid, the particle is equaUy pressed in all 
directiona, bj • force equal to the weight of the vertica] 
Gohmm kbove it. 

198. COK. l.^If the point r be not directly under the 
Borface of the fluid, draw q r parallel to the enrface of the 
fluid ! then by the preceding proposition, the pressure at ; is 
transmitted along tbe line q r, therefore the pressure at r 
must be equal to tbe pressure at q, otherwise the equilibriom 
would be destroyed ; hence the pressure at r ia equal to the 
wfflght of the vertical column p q. 

199. Cob. 2. — Since it is well known that the surface of a 
fluid at rest is horizontal, it follows that a fluid in a system of 
vesseb in free communication with each other, cannot be at 
rest except the surfaces of the fluid in all these different 
vessels be horizontaL 

200. Cob. 3. — Hence it also follows that the suriaces of all 
perfect fluids are perpendicular to the direction of gravity. 

201. Cor. 4. — In fluid surfaces of small extent, gravity 
may be considered to act in parallel lines ; but in surfaces of 
great extent, such as the surfaces of lai^ lakes, seas and 
oceans, the directions of gravity convei^e to a point at the 
earth's centre, and in these cases the surface of the fluid ia 
a portion of a spherical surface having tba^ point for a cea- 
tre. Since the distance of this centre is known, the deviation 
of any portion of the earth's surface from the level may 
be readily calculated. See the Author's PrineiplM and 
Practice ofLenelling in his Land and Engineering Sur- 
vet/ing. Weal^i Series, 

202. Prop. — Jf the fluid in any vessel A qB he at rest, 
through the action ofgravili/ alone, the pressure on an indeji- 
Ttitely small area q r, at any point in the bottom or sides, in 

perpendicular to the plane oftiiat 
area, and equal to the weight of 
the vertical column p q, the base 
of which is qr. 

The pressure exerted oa qr 

perpendicularly, is equal to tba 

weight of the fluid pr; let P = 

perpendicular pressure on qr, and 

: weight of the fluid pr ; take qd = pqio represent the 
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perpendicular pressure of any particle against qr; then 
this pressure may be resolved into two eq,fq; and eq ia the 
part of the pressure which acts perpendicularly ; and since 
qr is indefinitely small, we shall have 

P : W : : area qr x qe : area qs ^ pq ; 

but area 9 r : area^^ :: qd : qe, 

.*. area qr , qe =z area q s . qp, and hence P = W. 

203. Prop. — The pressure of a jluid on any surface is 
equal to the weight of a column of the fluids the base of which 
is the surfoLce pressed^ and the height equal to the depth of its 
centre of gravity below the surface of the fluid. 

Let the whole surface S be divided into an indefinite num- 
ber of parts «, 8\ &c., the distances of which from the surface 
of the fluid are respectively Xy a/, &c. ; then the pressure of 
the fluid upon the indeflnitely small portion s of the surface 
is equal to the weight of a column of the fluid, the base of 
which is s and the height a?, by the last prop. ; and if £? be 
the density of the fluid, or speciflc weight of each unit in 
bulk, the pressure on s will be = « rp x df and consequently 
the sum of all the pressures = {s x -^ s' x' -\- &c.)£?: but, by 
the nature of the centre of gravity, sx -\- s' a! -\- &c. = S A, 
h being the distance of the centre of gravity of S from the 
surface of the fluids; hence the whole pressure upon the 
surface S=S£?xA = a column of the fluid the base of 
which is S and height A. 

204. Cob. 1. — Hence the pressure against one of the per- 
pendicular sides of a cubical vessel, filled with fluid, ja.equal 
to half the pressure against the bottom, or equal to half the 
weight of the fluid ; and the whole pressure against the bot- 
tom and sides of the vessel is equal to thrice the weight of 
the fluid. 

205. Cob. 2. — ^If h be the height of a cylinder aiid r the 
radius of its base ; then the pressure against the base = 
irr*.A.rf= rdr^h; and the pressure against the upright 
curved surface 2irrA.-^A.rf= irdrk^; therefore the two 
pressures are 

as irdr^h : ^drh\ 

or as r : /*. 

206. Cor. 3. — On thi$ principle BramaJCs h%dtpa9fyM:^ 
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preis may be explained ; let pielons be fitted into the Iaig« 
and small cylinders A And B, 
which are connected together, 
as shewn in the figure, there 
being a valve at C to admit the 
water from B to A. A pump- 
piston in the cylinder B forces 
the water through the valve e 
into the cylinder A, and thui 
raises its piston. Now, let the 
diameter of the cylinder A = D 
inches, and that of the cylinder 
B =^ d inches ; then the area 

of the piston is A = ^ ' D*, and the area of the pnmp-pistou 

in B = ^ir (j^, therefore the areas are 
as (^« : D< 




jya 



1 : T5 ■ 



: 1600. 



Now, if D = 20 inches and d = ')- an inch ; then 

'■ {\f = 

Therefore, if a force be applied to the pump piston in B, it 
will produce an effect on that in A as 1 to 1600, Now, 
suppose the pump piston be pressed down by a lever with a 
force of 5 cwts.; then the large piston will as- 
cend with a force of 1600 x 5 = 8000 cwts. = 
400 tons- 

207. Cor. 4. — On the same principle the na- 
ture of the hydrostatic paradox may be ezpl^ned. 

208. ^ROP.—Jf Jiuidi of different detuitieM, 
gtu)k at water and meri'Ury, be made to commtt- 
ntctUe, the heights to tehich they mil rue in the 
limbs of the pipe A B, will he in the inverte 
ratio of their dettsiiiei. 

Let the bend be first filled with mercury, and 
water be then poured into A; and let H =2 height 
of the fluid in A, and D 1= its density ; also let 
h ^ height of the fiuid in B, and d ^ its den- 
sity; then, since the bore of the pipe is supposed 
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to be the same throughont, there will result in the case of 
equilibrium. 

H . D = A . (j; hence 
H : A : : <f : D. 

Since the density of water to that of mercury is nearly as 
1 : 13i, we shall have 

H : A :: 13^ : 1, 
that is, if the height of the mercury be one inch, the height 
of the water will be 13^ inches. 

209. PaOP.— To find the centre ofpreamre i^xm a plant 
turfitce. 

Def. 7%e centre ofpresture is that point in the surface 
pressed by any fluid, to whigh, if the whole pressure were 
applied, the effect would be the same as when the pressure 
is diffused over the whole surface ; and if a force equal to 
the whole pressure be applied in a contrary direction to this 
point, it will keep the surface at rest. 

Let A B C be the level surface of the fluid pressing on the 
plane G 6 B, C R the intersection of 
these planes, and, P the centre of 
pressure. Suppose the whole area 
C G B to be divided into an indefinite 
number of small portions m, m', m", 
he, and draw m $, f n perpendicular 
to C R, also m n perpendicular to gn. 
Then because G B is perpendicular to 
qm, gn,itia also perpendicular to the 
plane mqn, and the planes A S G, 
mqn are therefore perpendicular to 
each other, and m » is vertical Mow, let ^ = angle mgn = 
inclination of the surface plane AB and the plane C 6B; 
then the pressure on the indefinitely small surface m is pro* 
portional m , mn. 

B\itm.mn.=m.mg sin * = »»< sin*, « being put for m y. 

Hence the effect of the pressure to turn the plane about 
the line C B will beasinxsin* X » = ini*sin^; and the 
effect of all the pressures to turn the phine about C R will be 
proportional to 
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(ms^ + m' «'2 4- fn" s"^ + &c.) sin <>. 

Put Mrrm + m' + &c. = area CGR, and HG = J; then 
the pressure on C G R will be as M . G I = Md sin ^ ; and 
the effect of the pressure at F to turn the plane about C R 
will be as M £? sin ^ X F R; hence 

Mrf sin 4> X FR = (m*« + m'«'« + m"«"» -|- &c.) sin ^, 

m «« + m's'^ + mV« + &c. 

••^^ = Md 

Also, the effect of the pressure m « sin ^ to turn the plane 
about G H will be as m « sin <^ X H ^, and the effect of the 
pressure M c? sin ^ at F to turn the plane about C R will be 
as M ^ sin <^ X H R ; hence 

Mc^sin^ X HR = m«sin<^.H^ + m'^ sin ^ . H ^' 4- &c- 

ms.'Rq + ms'.'R^-\- &c. 

•'• ^^ = Md 

From the above value of F R, it appears that the centre 
of pressure F of the plane C R G is the same as the centre of 
oscillation of this plane, when moving round the axis C R ; 
see Art. 178. 

210. Fbop. — 77ie centre of pressure against the rectangle 
^'E{sat\ of the depth B J} from the surface AB. (See last 
figure.) 

Fut BD = a, F D = ^ and let B D be divided into n 
indefinitely small parts, each equal to \ so that a = n a ; 
and conceive lines to be drawn through these divisions pa- 
rallel to D F ; then the area B F will be divided into n inde- 
finitely small rectangles.' or lamina, each equal Xjobx. Now 
supposing each of these lamina to be parallel to the surface 
A B of the fluid, we shall evidently have 

ww^+wVH&c. = b\x\^-\'b\x(2xf-\'hQ. to ^x(«^) 

= 6x3(rH22+3H&c. to »2) 

6 - 3 y^'n)y^2n) 

a^b 



3 
putting a for its equal n a. 



(-0(-.^) 
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Now, since n is indefinitely large, the fractions - , — are in- 
definitely small, consequently the ahove value of 

ms* 4- m' y* 4. &c. = ^ a* b. 

Hence, supposing the plane C G R to be rectangular, we 
shall have 

Mrf abxia * 

the point P beings in this case, evidently equidistant from the 
sides of the rectangle. 

211. Cob.— If B D = a, and B E = A ; then the distance 
of the centre of pressure of the rectangle E F from the sur- 
face of the fluid will be equal to 

(o— A) b X i(o+A) "" ^ o + A 

212. Cor. 2.— If a = depth BD, b = breadth DF in 
feet, and S = specific gravity of the fluid (see fig. to Art. 
204) ; then by Art. 203, the pressure F of the fluid against 
the vertical rectangular plane B F = ^ a* 6 S, that is, 

F = ia26S, 

and by Art. 210, the power P, being applied at f of the depth 
of the fluid, will sustain the plane. 

Ex. 1. — Required the pressure on a flood gate of a canal, 
the breadth of which is 12 feet and depth 6 feet 

P = ^' ^ ^% ^ ^^'^ = 13500 lbs. = 6^ tons. 

Ex. 2. — The depth of water, pressing against an embank- 
ment 100 feet long, is 9 feet, required the pressure thereon 
in tons. 

_ 92x100x62-5 «^„,o^,^ ,,o , X 

P = = 253125 lbs. = 113j^ tons. 

Ex. 3. — ^Required the pressure on the staves of a cylindrical 
vessel filled with water, the depth being 6 feet and the dia- 
meter of the base 5 feet. 

Here the curved surface of the vessel must be considered 
as a plane ; hence 

T> 1 2J. o 62 X 5 X 3-1416 X 6-25 ,^^^,i„ 
P = ^ o2^,rS = . = 17671^ lbs. 
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Ex. 4. — The depth of a cylinder filled with flaid is 3 feet; 
required its diuneter when the preesures against the staves 
and bottom are equaL 

Put X ^ diameter of the cask, 

then P = i 3' IT S ar = i 3 ' S «», 

whence a; = 6 feet. 

213. Pbop. — A perpendicular embatikmtnt or tpaU ABCD 

tustaint the preMgure<^ the water SCEF, required Ae con- 

dilions of equilibrium, when tke waU is Jutt on the point of 

overturning on O at a etntn. 

Let EI be a vertical line pacing through G the centre of 
gravity of the waU, P the centre of 
pressure of the water, the distance 
C P being = ^ B C, by Art. 210. 
Draw P L perpendicular to A D in 
U ; then since the section A C of 
the wall is here considered to be 
rectangular, the centre of gravity G- 
is at the middle ptunt of the wall, 
and therefore DI = ^ DG = ^ AB. 
Now, H D I may be considered as a 
bent lever, the fulcrum of whiqh is D, the weight of the wall 
acting in the direction of the centre of gravity G on the arm 
D I, and the pressure of the water on the. arm D H, or what 
amounts to the same thing, a force equal to that pressure 
drawiug in the direction H L. Put P = pressure of the 
water and W weight of the wall ; then 

P X DH = Px JBC = W X iDC, " 
^ 3DC.W 

When this equation holds, the wall or embankment will just 
be oQ the point of OTertnming ; but in order that the wall 
may have complete stability, this equadon ought to give a 
much larger value of P than its actual amount. The fol- 
lowing formulte are for embankments of one foot in length, 
because, if they have stability for that length, they will be 
stable for any other length. 
Pat <7 = B C depth of water and embankment, which ar& 
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here supposed to be equal, 6 = D C = breadth of the em- 
bankment, S = specific gravity of water, and s = that of 
the wall; then by Art. 204, P == ^o^ ^ 1 x S, also W = 
ax bx I X Sy each value being for 1 foot in length, which 
being substituted in the above equation, there will result 

1 9CJ ^b X a b s 
^^^= 2a ' 

or, fl^ S = 3 62 *, 
or, a = 6v-g, 

and b=s a >/^, 

o s 

which gives the breadth of an embankment or retaining wall 
that will just sustain the pressure of the water, the wall must 
therefore be made at least 1 foot thicker than shewn by this 
equation, to give it due stability. 

Ex. 1. — Let the height of the wall B C = depth of the 
water x= 12 feet, and the respective specific gravities of 
water and the wall be 62*5 lbs. and 120 lbs. per cubic foot ; 
required the thickness of the wall, so that it may have com- 
plete stability to sustain the pressure of the water. 

the thickness that will ju8t sustain the pressure of the water, 
therefore I foot must be added to this thickness to give the 
wall complete stability, 

hence 5+1=6 the required width of the wall. 

Ex. 2.— Let DC or A B = 3 feet, and the weight of a 
cubic foot of the wall = 150 lbs., required the height of the 
wall when it is on the point of being overturned, the water 
being at the top. 

.35 « ,3 X 150 18 ,^ QA^r . 

Ex. 3. — ^Required the thickness of a rectangular embank- 
ment or retaining wall, when its height is 12, and the weight 
of a cubic foot of the material is 125 Ibs.^ ^ lV!ka&\\.\£A:^\^3^ 
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be on the point of being overturned, the water atandiBg at 
the brim. 

, 214. Faop. — The section BCD of an embankment or 
retaining waU is triangular, the face a C being vertical; re- 
quired the condition of equilibrium, when the waU is just on 
the point of being overturned on D as a centre. 

Draw D n bisecting B C in n, from the centre of pressure 
F draw PH perpendicular to B C 
cutting Dn in G-, which is the centre 
of gravity of the triangular section 
of the wall, aUo draw G I, D H r 




spectively perpendicular to DC, PH; 
then H D I jna.j be considei 



[ may be considered as a 
bent lever, the pressure of the water 
acting at H, and the weight of the 
wall acting at I. PutBC = (i,DC 
:= b, and the specific gravities of the 
wall and water as in the last problem ; 
then PC=GI = HD = +a, and, by the nature of the 
centre of gravity, DI = |DC = 4^; the weight of 1 foot 
in length of the wall = ^ abs, and the pressure at P of the 
same length of water = I- a^ S ; hence by the property of 
the bent lever, 

whence b ^ a ^ , and a ^ b .^ ^ ■ 

215. Cob. 1.— If ir = B r = any variable depth of the 
water, and y ^ r s ^ the corresponding width of the em- 
bankment ; then, these values being substituted for a, b re- 
spectively in the equation b ^ <>«/— , give 



an equation of the first degree, which is therefore the equa- 
tion of the straight line B D, and consequently the triangular 
embankment B C D is equally strong throughout. 
■ 216. Cob. 2. — By comparing the values of b in this and 
the preceding problem, it will be seen that an embankment 
or retaining wail with a triangnlar section is stronger than 
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one with a rectangular section, when the quantity of mate- 
rial in these two forms of the embankment is considered; for 
when the walls have the same quantity of material in both 
cases, the base of the wall in Art. 214, must be twice the 
width of the base of the wall in Art. 213 ; if, therefore, we 
put F = pressure the wall sustained in Art. 213, and F = 
pressure sustained by the wall in Art. 214, 2 b for b in the 
latter case, there will result by substitution in the formulae of 
the respective problems, 
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36*» 
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Ex. 1. — There is a triangular embankment of brick-work, 
each cubic foot of which weighs 117 lbs., and its depth B C 
is 14 feet ; required its width at the base D C when it is just 
on the point of being overturned, the water standing at the 
brim. (See last figure.) 

DC = ft = aV^=i4 n/|^= |^>/65=7ifeet nearly. 

Hence the breadth of the base of the embankment must be 
at least 8 feet to ensure perfect stability. 

Ex. 2. — ^A triangular embankment is 12 feet in depth, the 
weight of the material is 130 lbs. per cubic foot, required 
its width at the base when just on the point of being over- 
turned' by the pressure of the water, which is 10-J^ feet deep. 

Here put c depth of the water, then in this case F = 
^ c^ S and W = ^a b s^ as before, therefore ^bx^abs = 
^ c X i c^ S, whence 

NoTB. — ^The usual form of an embankment is that having a section in the 
form of a trapezoid with the longest side for its base, these embankments 
are nsually formed of earth and clay, with or without a perpendicular or 
sloping face of brickwork against the water; the following proposition refers 
to embankments of this kind. 
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217. Phop.— The wctwn AB CD of an emba/ikment it a 
prigmoid, having a perpendicular Jace B C, required Ae eo»- 
ditioiu of equiSimum when the emlianJiment it an the point i^ 
being overturned on D at a centre. 

Divide the embankment into partH by drawing AE per- 
pendicular to DC; and let 
B C = a as before, the top- 
breadth A B = E C = 6 and 
the bottom-width DE of the 
sloping part A E D = e ; then 
the weights of the portions 
AC and AED respectively 
for one foot in length, are a i « 
and \act, these weights acting 
at the points N and I respec- 
tively. Now DN = DI + ^'EC= c + \b, and DI = 
^ D E = \c; hence the sum of the moments of the em- 
bankment AB C D is 

abtic+\h)+iac» X |c = i(6H2ic+ic»)a. 
which must be eqnal to the moment of the pressure of the 
water 

.•.i(*'-H26c + fc^)a* = iaxia»S 
or (6» + 2*c + fc»). = \a^S. 
Hence, when the depth a of the embankment and its bot- 
tom-width £ + c are given, the breadth c or batter of the 
sitting part may be found, which ia 

e ~ -J , 

whence the width b of the top of the embankment becomes 
known. 

Ex. 1. — A trapezoidal embankment is 12 feet deep, and 
the bottom-width 6 feet ; required the top-width, when the 
embankment is on the point of being overturned, the weight 
of the material being 100 lbs. per cubic foot. 



„_. , ^b-\-cfs-a•'^ , 3x6'xl00-12»x62-5 _ 
DE=c=^ = V :^ 

V18 = 4J feet nearly, 
hence the top width A B = 6 — 4^= 1} feet. 
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Here, as before, it will be proper to observe that the width 
of the embankment must be at least one foot greater both at 
top and bottom to secure its stability. 

Ex. 2. — ^Required the top-width of the embankment when 
the depth is 14 feet and the bottom- width 7 feet, the weight 
of the material being as in the last example. 

Afis. 2 feet nearly. 

KoTB.-^It very frequently happens the face of the embankment has also 
a slope or batter, in this case the section of the embankment mnst be divided 
into two triangle and a parallelogram, and the moments of the saveral plirts 
added together, as in the last problem ; but, after having already seen so 
much of like subjects, the student will have no difficulty in doing this. 

REVETMENT WALLS. 

218. Def. — When a wall sustains the pressure of earth, 
sand, or anj loose material, it is called a revetment wall. 

219. The thrust of earth, &c., upon a wall is caused by a 
certain portion, in the shape of a wedge, tending to break 
away from the general mass. The pressure, thus caused, is 
similar to that of water, but here the weight of the material 
must be reduced by a particular ratio dependant upon the 
angle of natural slope, which is about 45° in earth of mean 
quality. Coulcomb has shewn that the angle which the line 
of rupture makes with the vertical is one half of the angle 
which the Hne of natural slope makes with the same vertical 
line. He has also further shewn, that when the earth is level 
at the top, the pressure of the earth may be found by con- 
sidering it as a fluid, the weight of a cubic foot of which is 
equsd to the weight of a cubic foot of the earth multiplied by 
the square of the tangent of half the angle included between 
the natural slope and the vertical. Therefore the square of 
the tangent of ^ 45° = 22^° = -1716 is the multiplier which 
must be used in all ordinary practical cases to reduce a cubic 
foot of the material to a cubic foot of equivalent fluid which 
will have the same eflect as the earth by its pressure upon 
the wall. 

220. Prop. — A perpendicular wall A B C D sustains the 
pressure of the earth C.B F (fig. to Art. 213), required the 
conditions of equilibrium, when the wall is on the point of 
being overturned on D as a centre. 

Put a = BC = height of the wall, ft = AB = its breadth; 
f = the weight of one cubic foot of the wall, S = that of one 
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cubic foot of the earth, and n = *1716 ; then the weight of 
a cubic foot of the equivalent fluid is n S, and the pressure 
of the earth is 

I" ^ ^^' 
whence the moment of the earth is 

and the moment of the wall is 

, - , ab^8 ' 

\b X ao X s = — ^, 

and in case of equilibrium these moments must be equal, 

a U^8 anS 



whence ft = a J- — . 

Ex. 1. — ^A revetment wall is 40 feet in height, sustaining 
the pressure of earth of mean quality, which weighs 100 lbs. 
per cubic foot ; it is required to determine the thickness of 
the wall, one cubic foot of which weighs 120 lbs. 

A /^ Ai^ /171 6X100 Q « , ^, . , 

'^Ts "^ V 3x120 ~ ^ inches; 

this thickness must be increased to about 10 feet, that the 
wall may have due stability. 

Ex. 2. — ^Required the thickness of the wall at bottom 
when its height is 30 feet, its section trapezoidal, as in Art 
217, and its thickness at the top 2 feet, the weights of the wall 
and the earth being the same as in the preceding example. 

SUBCHABGED BEYETMENTS. 

221. When the earth stands above the wall A 6 with its 
natural slope A F, AC is called a Surcharged Revetment^ 
G 6 being the line of rupture, and therefore AE G CB A 
is the part of the earth that presses upon the wall, which 
part must be taken into the calculation, with the exception 
of the portion A B F which rest upon the wall ; i. e., the 
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calculation must be for the part CEF6, which must be 

reduced to its equivalent quantity of 

fluid by multiplying the weight of a 

cubic foot of it by the square of the 

tangent of the angle B C G = half 

the angle which the natural slope 

makes with the Tertical, aad then 

proceeding as in the last problem. 

For complete investigations on the 
nature of revetments, see Moteley'i 
Mechanical Principles of Engitie^- 
ing and Architecture and Hann's 
Mechanictfor Fracticai Men. 

OS ELASTIC FLUIDS. 

222. Dbf. — Atmospheric air and other gases possess the 
property of contraction and expansion, and are, therefore, 
called elastic Jiuids. Atmospheric air is the best known of 
all elastic fluids, and shall, therefore, form the subject of the 
following investigations. 

THE BABOHETEE. 

223. The annexed figure ia a glass tube 
about 32 inches long, open at bottom and 
closed at the top. Let the tube be inverted 
and filled with mercury; then placing the 
finger on the open end, so as to prevent the 
mercury from escaping, reinvert it, and plunge 
the open end into a vessel of mercury ; if the 
finger be now removed, it will be seen that the 
mercury will stand at the height of about 29 
or 30 inches in the tube, above the level of the 
mercury in the vessel That the mercury is 
supported in the tube by the pressure of the 
air on the surface of the mercury in the ves- 
sel, is evident from placing the barometer 
under the receiver of an air pump (to be here- 
after described). As the air is exhausted the 
mercury sinks in the tube, and wlien the ex- 
haustion is carried to its full extent, so very 
little pressure is produced on the snr&ce of 
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the mercury in the vessel, that the mercury in the tube and 
in the vessel are nearly on the same level ; and when the air 
is again admitted into the receiver, the mercury will rise in 
the tube to its previous height. 

Since the pressure of the air on any portion of the surface 
of the mercury in the vessel is equal to the weight of the 
superincumbent column of air, the pressure of the mercury 
upwards against the lower end of the tube is the weight of 
a column of mercury, the base of which is the area of a sec- 
tion of the tube and height ab; and this pressure is balanced 
by the pressure of the air downwards on the surface of the 
mercury in the vesseL 

224, Prop. — The density of the air is pro- 
portional to the force that compresses it. 

Let C B A D be a bent cylindrical tube of 
glass, having the end C open and the end D 
closed; and let the communication between 
the two branches be stopped by pouring in a 
small quantity of mercury at C, till it fills the 
bent part A a ; then by turning the cock at D, 
the air in a D will be of the same density as 
the air in AC. Now, dose the cock at D, and 
pour in mercury at C, and it will force the 
mercury to rise in a D ; continue this till the 
mercury stands at B, as high above b, to which 
point it has risen in a D, as the height of the 
mercury in the barometer ; then the column of 
mercury B6' is equal to the weight of a column 
of air resting on it at B, by the last article. 
Therefore the pressure against the air in a D, 
arising from the pressure of both the mercury 
and the air in B b'y is twice as great as it was 
against the air in a D ; and it is now found 
that D 6 = 7 D ^ consequently the air being 
compressed into half its natural space, its den- 
___ -i^. sity is doubled. Again, if another column of 
^Hl— -BK mercury be poured into CB, so that the height 

of the mercury in A C above that of the mer- 
cury in a D, shall be twice the height of the 
mercury in the barometer, the pressure against 
^^^^ the air in a D will now be thrice as great as it 
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was against it in a D, and the space C D now filled with air 
will be observed to be •= ^ a D, consequently the density 
in o D is equal to 3 times the density of the atmosphere. 
Similarly the density of air is found in all cases to be pro- 
portional to the compressing force. 

224.* Cor. 1. — Since the force compressing the air is 
balanced by its elasticity, the elastic force of the air is equal 
to the compressing force ; hence, also, the air's elasticy is 
proportional to its density. 

224.f Cor. 2. — ^Let P be the compressing force on a 
surface = 1, when the density = a, andp == compressing 
force, when the density = 8 ; then 

P : p : : A :«,.-. P = ^ • 

225. Prop. — The density of any gas remaining the same, 
its elastic farce increases in proportion to its increase (f 
temperature. 

It appears from the experiments of Dalton, Gay, Lussac, 
and others, that all gases, under the same pressure, expand 
equally for equal increments of temperature, at least from the 
freezing to the boiling point of the thermometer ; and the 
degree of expansion is the same in alL This Expansion for 
each unit of bulk is f of the bulk, from 32° to 212° of 
Fahrenheit's thermometer, that is, the expansion for 212°— 
32° = 180°, is -I; ^1^^ therefore the expansion for one degree 
= XTTT X f = x8Tr> ^eiice, if V = volume, or solid content, 
of any gas at 32° temperature, and v = its volume at <° 
temperature, then 

« = V I 1 4- —T^rzr- l» and .==-=14- • 

\ 480 /' V 4«o 

Now, let P = pressure on a unit of surface of the gas, and 
p = pressure which would reduce the volume v at the tem-» 
perature t to the volume V; then, by the preceding prop., 

P ! p : : V : r ; 
hence, if ^—32 » t, and « s= xftt* ^^^'^^ ^^ result 

— =-— =1 4-«T, 
P V ^ ' 

.-. ;i! = (l+ «t)P, 
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and p—P = B T P, 
that is, tlie increaae of elasticitj ia proportional to the in- 
crease of temperature. 

TBE DlVntQ SELL, 

226. The Diving Bell is a vessel inverted in water, and 
let down to any depth by meana of a rope, the air occupying 
the upper part of the vessel and diminishing in bulk as the 
vessel descends in the water. Let AB be the surface of the 

water, E C F the diving bell, D d 
^e height to which the water 
rises in the bell ; also let V be the 
content of E C F, p the content of 
e Cy ^ space occupied by the 
condensed air, h =. weight of a 
column of water, the pressure of 
which is equal to that of the atmo- 
sphere, A C = a, and C (f = x. 
How, when the air was in its na- 
tural state and occupied the whole 
space of the bell, its elasticity 
was meaaured by the height of the 
column of water h ; but when it occupies the space e C/, the 
pressure of the water is aa the depth Ad = a + x, and the 
pressure of the atmosphere is as h, therefore the whole 
pressure of the air in e C/is equal to the weight of a column 
of water of the height h+ a + x; bnt the elastic force of 
the air is inversely as the space occupied ; therefore, 
k : h + a + x -.-.v -.v. 

227. Cob, — ^When the form of the bell is given, the rela- 
tion of the above quantities may be determined in numbers. 
For instance, let the bell be in the form of a prism j then, 

A ; A+o-l-a; : : o : V : : a; : CD, 
.: x'+ia + h) X ^ CD X h, 
whence the value of x may be found. 

Ex.— Let the depth AC =a= 100 feet, CD = 10 feet j 
then since A = 32 feet, the above equation will become 
:c» + {100+32)ar -|- 10x32, 
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or, x> + 132x = 320; 
and by solving this qaadratic, there resulta, 
X = —66 + V 66' +320=2-41 ft. = 2 ft. 5 in. nearly=C d, 
the poutive sign of the eurd being lued, the negative one 
being inadmissible. 

ON THE EQinUBRIini OF rLOATIHO BODIES. 

228. Peop. — 2Se centre of gravity of a bodyfoating in 
afivid, and the centre ofgraviiy ofthejfluid displaced by the 
body, are in the tame vertical Une, 

^e pressure of the body downward is ite weight, which 
may be cooaidered as collected at its centre of gravity ; and 
the pressure of the fluid upward may also be considered as 
effected at its centre of gravity, and this pressure is the 
same aa the weight of the body, acting in an opposite direc- 
tion ; also, since tlie body is at rest, the weight of the body 
downward, and the pressure of the fluid upward, must be 
opposite and equal ; therefore, the two centres of gravity are 
in the same vertictd line. 

229. Fbop. — To determine when the equHibrittm of a body, 
Jioating in a fluid, is ttable, imgtabU, or indifferent. 

Iiet 6 be the centre of gravity of the body ACB, floating 
in a fluid, the surface of 
which is A B ; let the 
centre of gravity of the 
fluid displaced be in the 
line M G- nt, when the 
body is at rest, and let 
G' be the centre of the 
fluid displaced, when the 
body is moved through 
a small angle a ; also let 
the vertical line G'M meet mGtM in M, then M is called the 
metacenlre of the floating body. Now, the weight of the 
body acts downward in the direction GP, and the pressure 
of the fluid acts upward in the direction G M ; and when M 
is situated above G, these two pressures obviously tend to 
bring the floating body back to its former position, and 
therefore, the equilibrium is stable. But if the metacentrc 
M be below G, as at m, the weight of the body, and the 
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pressure of the fluid in the opposite direction, tend to move 
the body farther from its former position, and therefore the 
equilibrium is unstable. Finally, if M coincide with G, the 
forces being equal, and acting on the same point in opposite 
directions, the body will be at rest in any position, and there- 
fore the equilibrium is indifferent Consequentiy the equili- 
brium of a floating body is stahle^ unstable^ or indifferent re- 
spectively, as the metncentre falls above, below, or coincides 
with, the centre of gravity of the body. 

230. Cor. — The moment of the force, tending to bring the 
body back to its former position, or to move the body farther 
from it, is the weight W of the body X FG = W x MG X 
sin a ; .*., when the weight W and the angle « are given, the 
stability varies as G M. 

231. Prop. — A body immersed in a fluid descends or as- 
cends with a force equal to the difference between its own 
weight and Jhe weight of an equal buUt of fluid; neglecting 
the resistance oftheflmd. 

Let W = wt. of the body, and w = wt. of an equal bulk 
of the fluid ; then the pressure downward is W, and that 
upward is w ; therefore W — «r = pressure or force, which 
causes the body to descend ; also, W is the mass or weight 
moved, and g multiplied by the pressure or force divided bj 
the mass moved, gives 

the accelerating force downward = — = — g^ 

232. Cor. — ^When W is less than w, the body will ascend^ 
and the accelerating force upward == I ^ ~" ^ | ^* 



ON HYDROSTATIC MACfflNESw 

THE AIR PUMP. 

233. The air pump is a machine for exhausting the air 
from a close vessel, called a receiver ; thus producing a near 
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approach to a perfect vacuum. The glsas Teceiver R is fixed 
on a metal pli^ and made perfectly air-tight. A pipe C 
commiinicates with the receiver and with two cyHiidrical 
barrels a and 6, bj means of two Talves opening upwards, 
which are shewn at the bottoms of the barrels. In these 
barrels are two air-tight pistons with valves also opening 
upwards ; these pistons are worked up and down by a rack 
wheel Now, suppose the piston in a to be at the bottom, 
and that in b at the 
top of the barrel; 
then, as the piston 
in a ascends, a 
partial vacuum is 
formed below the 
piston, and the 
elastic force of the 
air in B and C. 
pressing upon the 
valv^ opens it, and 
fills the barrel a. 
Next, let the wheel 
be turned back, and 
the piston a is now 
made to descend ; 
the valve at the 
bott(»n of o is then 
ctmed by the pres- 
sure of the air opon 
it, and the valve in 
tbe piston within it 

is opened, and the air in the barrel is forced out by reversing 
tbe motion of the wheel. The wheel acts in the same manner 
on the piston in tbe barrel b, thus expelling a barrel of air 
at every turn of the wheel, until the elastic force of the air in 
the receiver and pipe is not sufficient to open the valves at 
tbe bottoms of the barrels, and then the process of exhaustion 
must cease. The air is readmitted into the receiver by a cock 
at h. One end of a bent glass tube d, which is more than 30 
inches in length, opens into the tube C, while the other end 
is immersed in a vessel of mercury ; this tube acts as a gnage, 
and shews by tbe ascent of the mercury within it, the amount 
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of rarefaction in the receiver, because, as the rarefaction pro- 
ceeds in the receiTcr, the elastic force of the air pressing on 
the mercury in tlie guage-tube is diminished. 

234. Fbop. — Tojind the deruity of the air tn the recdotr 
of an airpttmp after any given number of tttrm of the toheel. 

Let B be the content of the receiYCr and pipe, and A the 
content of each barrel ; then the air which filled the space 
E, when the piston in the barrel a was at the bottom, will 
flU the space B + 6, when the piston in a ascends to the tap 
of the barrel ; therefore, if ' = density of the air before the 
stroke, ■, ^ its density ailerwards, we shall have 
R + i ; R ::S : J„ 

... a,=-Ki_. 
' R + A 
I £ Similarly it will be found that if Sn be the 

density after n turns, that 
R»5 



"" ~ (R + by 

Hence it appears that the density of the 
air in the receiTer decreases in geometrical 
progression ; and therefore can never be 
completely exhausted. 

THE COlIMOtf PUMP. 

235. The common suction pump is us- 
ually thus constructed: AC is a cylindrical 
barrel, A B a pipe having its lower end in 
water, v is a fixed valve opening upwards, 
and p is an air tight piston, moveable by 
a handle or brake fixed to the rod, and 
having a valve i/ opening also upwards, 
Now, let the piston p descend as low as it 
can, each valve being shut ; then, when p 
ascends, there will be a vacuum in the 
barrel between A and C, and the valve 
V will be opened by the upward pressure 
of the air in the pipe AB, and the air will 
follow the piston and fill the empty space 
AC. Tlie air in the pipe will thus be- 
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come rarefied, and hence the pressure of the air on the 
surface of the water at W will be greater than the pressure 
of the air in A B, and therefore, the water will be forced a 
short distance up the pipe A B, till the equilibrium is re- 
stored. On again depressing the piston, the valve v is closed, 
and the valve v' forced open (as in fig. 2), through which 
the air in A C escapes. On raising the piston a second time, 
more air rushes from A B, and the water in the pipe rises 
still higher. Thus, by altematelj raising and depressing the 
piston, all the air will be drawn out of A B, and the water 
will rise up to the valve v. The piston being now raised, 
water instead of air will open the valve Vy and rush into the 
barrel, and, on lowering the piston, the water closes this 
valve V, thus preventing it &om flowing back ; at the same 
time the water forces open the valve v', and passes through 
it, so that the water is now both above and below the piston. 
This action being continued, the water will rise still higher 
above the piston, tiU it be discharged at the spout S. 

NcyTB 1. — In this pnmp the height of the yalve v above the water most 
not greatly exceed 30 feet ; because the pressure of the atmosphere, in its 
rarest state, will not raise ^e water in a yacuam aboye that altitude. 

NoTB 2. — The lifting and forcing pumps are only modifications of that 
just described ; they have, however, l^e advantage, if required, of raising 
water to the height of several hundred feet. See HgdrauUcs, Weale*8 Series, 

236. Prop. — To find ike height to which the water tnll 
rise after any given stroke in ike common pump. 

Let the water, after a given number of strokes, rise to P, 
in the pipe A B, and after the next stroke let it rise top; 
(these points are not shewn in the fig.). Put h = height of 
a colunm of water equivalent to the pressure of the air, 
AS = a, AP = ^, c = A — PB, and B jj = a: ; also put 
k = area of a section of the pipe A B, and mk ^= area of a 
section of the barrel AS. Now, let the piston be at A, then 
the elasticity of the air AP, together with the weight of the 
column of water B P, is equal to the pressure of the air, or 
is = colunm of water of the height h ; hence 

elasticity of air in AP s= column of water above P = c ; 

let the water rise to p after the next stroke, then 

elasticity of air in Ap = column of water above p = c — x. 

Now, the air which filled the space AP, before the rise of 
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the piston, will expand, after its ascent, and occupy the space 
pS; hence 

density of air in AP : density of air in joS :: space jvS : space AP. 

:: (b — x)k H- amk : bky 

::b — X -r am : b. 

But the density of the air is proportional to its elastic 
force; hence 

c — X : c :: b : b — x •\- ma ; therefore 

be =i (c — x) (am -\- b — x), whence 

whence the valve of i; = rise of water due to one stroke, may 
be found. 



THE STPHON. 

237. The syphon is a bent tube ABC. If its shorter 1^ 
A B be put into a vessel of water D, it will transfer the 

liquid to the vessel E, in the following 
manner. Draw the air out of the syphon 
by suction, or any other means, and the 
water will rise in it to B by the pressure 
of the air on the surface of the liquid 
above A, and then it will descend by its 
own gravity to C. The syphon being 
thus filled with liquid, the forces which 
act upon the liquid in the tube are the 
pressure of the air upon the surface above 
A, and the weight of the column of Hquid 
BC, acting in the direction ABC; and 
the pressure of the air at C, and the weight 
of the column AB, acting in the opposite 
direction. But as the column BC is 
longer than the column AB by FC, the simi of the pressures 
in the direction A B C is greater than the sum of the pres- 
sures in the direction C B A, the liquid will, therefore, con- 
tinue to flow in the direction A B C till the surface of the 
fluid falls to A. 

Note. — The 83rphon will not act, if the length of the shorter leg be mnoh 
jfreater than 30 feet; see Note 1, Art 135. 





BPECIFIC GBA.VITIES. US 

238. COE. — The action of intermitting springs that ebb 
and flow, as they are 
termed, depends on the 
principle of the syphon. 
"Water being collected from 
various springs a, b into 
the cavern A B, and the 
only way by which it can 
be diact^rged is the chan- 
nel B C D, which is bent 
like a syphon. When AR 
is so fall of water, that it 

stands at the level A C, it will flow ont, and continue to do 
80 nntil it is either exhausted or on a level vrith the outlet B. 



ON SPECIFIC GRAVITIES AND THE EQTH- 
LIBRIUM OF FLOATING BODIES. 

239. Dep. — The ipecijie gravity of a body is its weight 
compared with the weight of some other body of the same 
magnitude. Thus, silver has about 10| times the specific 
gravity of water, because a cubic foot of silver contains 
about lOJ times the quantity of matter that water contains, 
or is bulk for bulk 10^ times heavier \ the specific gravity 
of a body is, therefore, proportional to its density. The 
specific gravity of distilled water, at a temperature of 60°, is 
usually considered the unit of comparison, or 1, for all solids 
and liquids ; and the Bpeciflc gravity of air, at the same 
temperature, when the barometer is at 30 inches, b adopted 
as the unit of comparison for all gases and vapours. 

240. Pbop. — If a body be either vihoUy or partly immeried 
inajbad, it ia pressed upward* by a force equal to the weight 
of the fluid displaced. 

Iiet A B be the horizontal surface of a fluid, and L U N a 
body suspended in it ; draw the vertical lines pr, qt inde- 
finitely near to each other ; then the indefinitely small por- 
tion in n of the upper surface of the body ia pressed down- 
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Tard by the weight of the column of fluid m n * f, and % 
like portion p q oi the under surface is pressed upward hj a 
force equal to the column of fluid pqnm; hence the dif- 
ference of these forceSi which preases upwards against pq'^ 
the weight of the column mpqn. 
Similarly it may be shewn t^t 
the upward pressures against the 
whole body LMN exceed the 
downward pressures, by a quan- 
tity of fluid equal to tiie magni- 
tode of the body, that is, the bo^ 
is pressed upward by a force equal 
to the weight of the fluid dis- 
placed. Again, let A' B' be the 
surface of the fluid, the body being now supposed to float in 
the fluid ; then the pressure upward against p q ia equal to 
the column p 7' a' q; hence the sum of all the upward pres- 
sures is equal to the weight of fluid of the bulk M' N' L ; 
that is, the body is pressed upward by a force equal to the 
w^ght of the fluid displaced. 

241. COE. 1.— When a body JloaU in a fluid, it displaces 
a quantity of fluid equal in loeight to itself; and when it 
sinks it displaces a quantity equal to its bulk, 

242. CoK. 2. — The weight lost by a body, when whdiy 
immersed in a fluid, is eqiul to the wdght of an equal bulk 
of the fluid. 

243. Cob. 3.— A solid placed in fluid will smk, if ita spe- 
ciflc gravity exceed that of the fluid ; it will float on the 
surface, being at the same time partly immersed, if ita spe- 
cific gravity be less than that of the fluid ; and it will remain 
wholly immersed, at any depth, if the speciflc gravities of the 
fluid and solid are equ^ 

244. Pkop. — To determine the specific gravities q^ 
bodies. 

(1.) For a solid heavier than ita hdk of water. — The spe- 
cific gravity of a solid body is found by the hydrostatic 
balance C P, which is a common pair of scales, with a fine 
silver thread attached to the under surface of the scale C. 
The substance S, the speciflc gravity of which is required. 



SPECIFIC GRAVITIES. 



117 




is first weighed in air, and 
then, being attached to the 
thread, is immersed in pure 
water, at the temperature 
of 60°, and again weighed. 
Let W be the weight of 
the body in air, and w its 
weight in water ; then 
W— w is the weight lost, 
which is equal to the 
weight of fluid displaced, 
by CJor. 2 of the preceding 
Prop.; hence W — w is also 
the weight of water equal 
to the bulk of the body, 
the weight of which is W ; 
therefore, 

W : W — w : : wt. of body : wt. of an equal bulk of water 
: : specif, grav. of body : specif, grav. of water. 

Now, since the specific gravity of water is 1, by the Def. 
Art. 239; therefore 

W 

specific gravity of the body = — • 

(2). For a solid lighter than its bulk of water, — Attach to the 
body another solid heavier than water, so that the compound 
body may sink in water. Put W = weight of the heavy 
body in air, w' = its weight in water, C = weight of the 
compound body in air, and c = its weight in water ; then 

wt. of water = in bulk to comp. body = C— c, 

ditto ————— to heavy body = W— w', 

.•. ditto to given body = C— c — (W— w') ; 

hence W : C — c — ( W — tr') : : spec. grav. of body : spec, 
grav. of water ; and therefore 

spec. grav. of body = ^_-^^^;— = ^^^,^^- 

(3). For a liquid or powder, — ^Weigh a vial, first when 
empty, secondly when filled with the liquid or powder, and 
thirdly when filled with pure water ; then the weight of the 
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liquid or powder divided by the weight of the water will be 
the specific gravity required. 

(4). For any hind ofgcUy Sfc. — ^Extract the air, by means 
of an air-pump, from a flask, containing about a gallon, and 
formed of thin copper, with a narrow neck, which may be 
opened and closed at pleasure by a stop-cork ; now, having 
weighed the flask, let it communicate with the vessel con- 
taining the gas, the specific gravity of which is required to 
be found. The flask, being filled, is again weighed ; and the 
diflerence of these we^ights will be the weight of the gas, and, 
since the content of the flask is known, the specific gravity 
of the gas is found as before. 

NoTB. — In the preceding methods of finding the specific gravities of 
bodies, it has been assumed that the weight of the body in air was the trm 
weight of the body ; but since air itself is a floid, the body loses a portion 
of its weight in air, in the same manner as when weighed in water; a small 
correction is therefore required on this account, that the weight of the body 
in a vacuum may be obtained, which is the true weight 

245. Prop. — 7%e specific gravity Gqfa body is gwen, as 
determined by weighing it in air and water ; to find iis true 
specific gravity. 

Put W = wt. of the body in air, w = its wt. in water, as 
before, x = its true wt. = its wt. in a vacuum, and y = 
spec. grav. of air as compared with water ; then the wt. of 
an equal bulk of water = 2; — tr, and the wt. of an equal 
bulk of air = a: — W ; hence 

X — w : X — W::l:7, 

.'. 0? — W = 7 (a? — w), whence 

W — yw 

X = : 

1-7' 

X 

but the true specific gravity of the body is , and by 

a? — w 



substitution, 



X W-^yw • 



a: — w W — w 
w 
•w 



W 
^^^ W—w "^ ^' ^^ W— ^ G— I5 whence, by sub- 



stitution, &c., 

the true specific gravity = G — ^(G — 1). 
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TABLE OF SPECIFIC GRAVITIEa 
{WeighU in ounces per cubic foot,) 



MBTALBb 

Platinom . 

Pure gold, cast 

— — hammered 

Mercury . 

Lead 

Pare silyer, cast 

hammered 

Bismuth, cast 
Copper, do. 
Cobalt, do. 
Nickel, do. 
Iroii, do. . 
Bar iron . 
Steel, hard 

soft 

Tin, cast . 
Zinc, do. . 
Antimony, do. 
Arsenic, do. 



19-500 

19*258 

19*362 

13-56» 

-1 1-352 

10*474 

10*511 

9*823 

8-788 

7-812 

7*807 

7*207 

7-788 

7*816 

7-833 

7*291 

7*191 

6*702 

5-763 



MQIBBAL FBODUOnONS. 

Ponderous spar . . 4*430 

Oriental rabj . . . 4*283 

Oriental sapphire . . 3*994 

Oriental topaz . . • 4-011 

Oriental beryl . . . 3*549 

Diamond . 3*501 to 3 531 

White Parian marble . 2*838 

Green marble . . 2*742 

White marble of Carrara . '2*724 
Javier . . 2*660 to 2*764 

Granite .... 2*950 

Pnre rock crystal . 2-653 

Porbeck stone . . . 2*601 

White flint . . . 2-594 

Portland stone . . . 2-580 

Plumbago . 1*860 

Newcastle coal . . 1*270 

Staffordshire coal . . 1*240 

Pumioe stone . . . . *914 

Flint glass . . . 3*329 

White glass . 2*892 



Green glass 
Alabaster 
Brick 

Gunpowder, about 
Ice 



WOODS. 

Lignum yIUb . 
Box, Dutch 

French . 

Heart of oak (60 years old) 

Dry oak • 

Mahogany 

Beech 

Ehn 

Fir 

Poplar 

Cork 

UQUIDB. 

Sulphuric add . 

Nitric add 

Water firom the Dead Sea 

Human blood . 

Cow's milk 

Cider 

Sea water 

Water at 60"* . 

Wine 

Olive oil . . . 

Pure alcohol • 

Muriatic ether . 

Naphtha 



OASES. 



Atmospheric air 

Do. compared with water 

Oxygen . 

Chlorine . 

Hydrogen 

Nitrous oxide . 

Carbonic add . 

Coalgaa . 



2*642 

•2-000 

2*000 

•937 

•930 



1-333 

1-328 
•970 

1-170 
•926 

1063 
•850 
•600 
•570 
•383 
•240 



1*841 

1*217 

1-240 

1053 

1*032 

1-018 

1-026 

1000 

994 

-915 

792 

•730 

•708 



1*000 
001225 
1-112 
2*500 
0-069 
1*524 
1*527 

450 to •eso 
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£x. 1. — Hov many cubic feet are there in a ton of dir 
oak? 

20 X 112 X 16 .. „ 

^^-- — - = 38||f cnbio feet. Ana. 

Ex. 2. — A piece of copper weighs 93 grains in air, aod 82\ 
grains io water ; what is its specific gravity? Atu. 8857. 

Ex. 3. — A piece of elm weighs 30 lbs. in ur, and when a 
piece of copper, which weighs 32 lbs. in water, is connected 
with it, the compound weighs 6 lbs. in water ; what is th« 
specific gravity of the elm ? Atu. 600. 

£x. 4. — A cast iron pipe is 6 inches diameter in the 
bore, and 1 inch in thickness ; required the weight of a 
running foot. Am. 67'45 lbs. 



HYDRODYNAMICS. 

246. Hydrodynamkf treats of the motion of fiuids, and of 
the forces which they exert upon bodies to which their aotjon 
is applied. 

247. Pbop. — Tke vehcHi/ of a fluid timing from a amaU 
orifice at the bottom of a vessel, i^l constantly JuU, is equal 
to that lehieh a heavy body would acguire in falUng trough 
a space equal to the depth of the orifice below the swface of 
theflmd. 

Let A B be the surface of the fluid, D the small orifice. 
Consider the fluid to be composed of an 
indefinite number of lamime, which du- 
ring their descent remain parallel ; then, 
whatever moving force is lost by the 
descending fluid will be communicated to 
the fluid at the orifice. Let Do be a 
small column of fluid dischai^ed in the 
indefinitely small time t hy the pressure 
of the column CD; and let Di be the 
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whicli would have been discharged by its own weight, that 
is, by its gravity in the same time t. Let, also, Y and v be 
the velocities of the fluid in the columns D c, D 6, by the 
pressures CD, D 5 ; then, since the moving forces are as the 
quantities of motion produced in a given time, 

c D : D ^ : : column Dc X V : column "Db X v; and 

because the spaces described by constant forces in equal 
times are as the velocities acquired 

V" i?« 
DcxV:D6xt?::-- :— -; 

and since v is the velocity in falling through Db, by the force 
<^ gravity, 

F = -— , and similarly CD = r;— ; 

.'. V = ^2g . CD, 

which is the velocity acquired in falling through C D by the 
force of gravity. 

248. Cob. — Since fluids press equally in all directions, the 
preceding Proposition holds, when the orifice is in a side of 
the vessel, or when it is made to throw the fluid in a vertical 
or oblique direction ; in the former case it will rise to the 
level of the fluid in the vessel. 

249. Cob. 2. — ^K h = height of the vessel, a = area of 
orifice, and Q = quantity of fluid discharged in one second ; 
then 

Q = a s/2gh\ whence 

Q ^ r 2ga^ 

a = ■ , and n = -777—. 

st2gh Q" 

Ex. 1 . — ^Find the velocity with which water issues from a 
small orifice at the bottom of a vertical tube, filled with 
water to the height of 100 feet. 

V= >/ 2^^x166= >/ 64^x100=20 s/ 16^=80ft 2iin nearly. 

Ex. 2. — ^Find the same when the water issues into a 
vacuum, its upper surface being open to the air. 

Here 32 feet must be added to the bd^lil o^^X^CL^^^^Kt'-^v 



122 ETDBODTHAiaOB. 

the ttibe for the pressure of the atmoaphere, after which the 
method of solution will be the eame as in the last Example. 

Ex. 3. — What quantity of water will be discbai^ed from 
a TesBel 10 feet h^h, in one seoond, through an orifice one 
inch in diameter in the bottom of the Teasel ? 

Note 1. — The actoal Tdoci^hu bMn fixuid hj tyAltmbcit to difi^ 
from the tbeoretici! vetocity conriderablj in lotaj cmm; but when tbt 
v«m1 is kept eonaUntlj ftill, and each a t n Un m <^ tin fluid It MippoMd to 
keep psTKllel to Itself ai it descend!. 



KoTB 2. — Experiments do not sgrae irith this theoiy u to tli* qiuuitity 
of water diacha^ed; Boamt baa ahewn that the actoal diachirge : the 
theorectkal discharge :: -63 : 1, or nearly aa 5 : 8. — The vain of water that 
iasaea throogh the orifice gnfbra b contractioii, bj which its aeeUon has been 
faond to be diminiihed in the above ratio. This contraction has been called 
the vena cotOractOt and ^*jlli"g the area of the orifice l> the area of the vema 
confrocta will be > ^ 'fiSG nearly. Hence the theoretical qumU^ of the 
fluid diicharged niiut be mnltiplied b j j- to obtain the tme quantity. 

2S1. Fbop. — To determine the time of empt^ng anyvettel 

Oirougk a very tmall orifice. 
Let H N be the surface of the descending fluid in the vessel 
MON, and O the orifice ; putFO = 
X, PN = PM — y, K = area of the 
descending surface, and k — area of 
the vena cotUracta, and I ^ time of 
discharge. Then the velocity of the 
fluid at the vena eontracta = >J2gx, 
and therefore the quantity of fluid dis- 
charged in the indeflnitely small time 
dt vi equal Xahdt ■/ 2 g x. Now, let 
the sorface of the fluid in the veesel 

descend from 'MN to m n in the time dt; then F;> =: dx, 

and the content M N n m = — E if a; ; but this is eqoal to 

the quantity of fluid discharged, therefore 

kdt ^ 2gx = —Kdx; whence 
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2fi2. Cor.— ^When the vessel M ON is a solid of revolu- 
tion ronnd the vertical axis OP, then S=t^, and tiierefore 



J k ^2gx' 



in whicli, if the valpe of y be substituted in terms of x, the 
integral mwf be readily found. 

253. Prof. — To find the distance to which water will 
spoift, through a small orifice in the vertical side of a vessel 
placed on a horiaontal plane. 

Let G- A be a vessel filled with water, C a small orifice in 
the vertical side A B, and A H 
the horizontal plane. On AB 
describe the semicircle AFB, 
and draw the ordinate CD; 
then by Art. 249, Note 1, the 
velocity of the fluid will be very 
□early equal to that which would 
be acquired by a body in Falling 
down B C ; this velocity musi, 
therefore, be considered as that 
with which the fluid is pro- 
jected. Now, the curve C H, 
described I^ the fluid, is a parabola, and B C = ^ of its 
parameter at C, by Art. 161; and since the fluid evidently 
spouts horizontally, C is the vertex of the parabola, C A its 
axis, and A H an ordinate ; therefore, 
AH» = 4CBxCA = 4CD» (by the nature of the circle), 
.-. A H = 2 C D. 

254. Cob. — When the orifice bisects AB in E, the distance 
spouted b^ the fluid will be = 2 E F = AB = depth of the 
fluid, which is ezidently the maximum distance that it can 
Spout on the horizontal plane A H. 

255. Fbof. — To find the veloeUy with which water it dis- 
charged fi^mi a reservoir of given height A, through a pipe of 
given krigth I, and diameter d. 

The experiments and ii^estigatiouB of ^. 'Smm^^wx ^^v^ 
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considered strictly accurate, the limits of this work does not 
admit of their insertion here, the following is his formula for 
the velocity per second, all the dimensions being in feet. 

« = 48V *^ 



£x. 1. — ^Water is brought to supply Mentz from a reservoir 
65f feet in height, by pipes 9843 feet in length, and 3^ 
inches in diameter ; required the velocity of the water per 
second. 

First 3^ in. = -2626 of a foot, and 65| = 66*6 feet, then 

.« . ^"«r" ^^ ^ 65-6 X -2625 ^ ^ ^. 

r = 48 >/ - — — — 1 = 48 Vr^Tii — —^ — zr^^ = 2 feet*per 
^ l+54d ^ 9843 + 54 X -2625 ^ 

second nearly. 

£x. 2. — ^In the last example, how much water will be dis- 
charged in 24 hours ? 

The area of the section of the pipe = -7854 x (-2625) • = 
'0541 square feet, the quantity of water per second ;= 
2 X 0541 = -1082 cubic feet, and 24 hours = 86400 se- 
conds ; .*. the quantity of water brought by the pipe in 24 
hours will be 

86400 X '1082 = 9348^ cubic feet. 

256. Pbop. — To determine the mean velocity wUh which 
water runs in rivers and open canals. 

The formula for this purpose is also derived from expe- 
ments, of which no less than 91 were made by Eytelwein on 
rivers and canals, the dimensions used by him are reduced to 
feet, and are the following : — 

c = wet contour 

s = area of a section of the fluid, 

g 

— = hydraulic mean depth, 

g =r force of gravity, 

a = angle of inclination of surface of stream, 
and V = mean velocity; then 

^ ~s 

ir = s/i^-i^g- sin a + (^y — T^ = the velocity in feet. 

c 

Ncync-^It has been proved that the greatett velodtj it at the taifaoe in 
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the middle of the stream ; from which it diminishes towards the bottom and 
sides, where the velocity is least 

ON THE PERCUSSION AND BESISTANCE OF FLUIDS. 

267. Prop. — When a stream impels a plane perpendicular 
to its action^ the force toith which it strikes the plane is as 
A rf V* ; where A = area of the plane^ d = density of the 
fluids and Y =^ its velocity. 

The impulsive force of the stream is as the nmnber of 
particles that strike against the plane in a given time, mul- 
tiplied by the force of each; and the number of particles that 
strike the plane in a given time is evidently = Acf Y ; also, 
the force of each particle is proportional to V; .*. the force 
of all the particles against the plane is as A £? Y*. 

Note. — It has been here supposed that after the particles strike the plane, 
their action immediately ceases ; but in reality they rebound, and acting on 
those which are behind, retard their velocity; therefore a difference will 
result between theory and experiment. 

258. Cob. — Hf = impulsive force of the stream against 
the plane A^ A = a constant co-efficient to be determined by 
experiment, and A = height due to the velocity Y, so that 
Y« = 2gh\ then 

f=i2Akdgh. 

259. Prop. — If a stream strikes perpendicularly on a plane, 
which is itse^in motion, the imptdsive force is = A€f(Y — t?)^; 
where vis the velocity of the plane. 

It is obvious that both the number of particles which 
strike the plane, and the force of each particle, must be as the 
relative velocity, that is the difference of the absolute veloci- 
ties the force will be as A cf (Y— «)', or/= AAcf (Y— 1?)». 

260. CoR. 1. — ^When v is opposed to V, that is, when the 
plane moves against the stream, then/=: A A c? (Y+i?)*. 

261. CoR. 2.— When Y = 0,/= Akdv^; therefore a 
plane, moving against a fluid at rest, receives the same im- 
pulse as if the fluid were to move with the velocity v, and 
the plane to be at rest ; that is, the resistance of a fluid to a 
body in motion is the same as the impulse of a fluid, which 
moves with the same velocity against a body at rest. 

THE WATER WHEEL. 

262. It has been found by experiment that a water wheel 
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performs the greatest quantity of work when the velocity of 
the water is 2^ times that of the wheel, whence by Art 259, 
the power of water (the velocity of wliich is given) striking 
the paddles or float-boards of wheel might be calculated; 
but the following method has been found in practice to be 
less complicated : for when a body descends from a given 
height, it is capable of raising a body of equal weight through 
the same height Therefore, if water faU upon a wheel, £e 
quantity of work which it is capable of performing, abating 
friction, is equal to the product of the weight of the water, 
and the height through which it descends ; whether it falls 
upon the paddles of an undershot or a breast wheel, or into 
the buckets of an overshot wheeL 

263. Fbop. — Given the bredcUh a, and depth h^ of a 
stream^ its mean velocity v, in feet per minute, the height A, 
ofthefaU^ and S = spedjfic gravity of water; it is required 
to determine the horse power of ihe water wheel, when the 
modulus of the machine is nth part of the work of the wcUer, 
and U = units of work in a horsepower. 

Water descending per minute ^=: abv cubic feet. 

Weight of water in the same time == a ^ t? S lbs.. 
Hence work of water per minute = abhvS, 
And the work of the wheel ».. = nabhvSi 

TT> , nabhvS 
.*. IP = horse-powers = — = . 

Ex. 1. — The breadth of a stream is 5 feet, depth = 3 feet, 
mean velocity 20 feet per minute, and height of the fall 25 
feet ; required the IP of the water wheel which performs ^ 
of the work of the water, that is, ^ of the work of the whe^ 
is lost by friction. 

_ »fl^ A yS _ 4x5x3x20x25x62-5 _ ,| . 
^-" U "" 5x33000 -^^rv 

Ex. 2. — The section of a stream is 4 feet by 3, the mean 
velocity of the water 20 feet per minute, and the fall 30 feet; 
what is the H^ of the water wheel, its modulus being f ; and 
how many bushels of com will the wheel grind in a day of 
14 hours, one IP being able to grind a bushel of com per 
hour? 
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_ _ nabhvS _ 4x4x3x20x30x62*5 _ 

U "" 5x33000 -^^• 

.*. bushels ground per day r=r 10|^ x 14 = 152-^. 

Ex. 3. — The section of a stream, the mean velocity, and 
fall of the water are the same as in the last example ; how 
nany cubic feet of water will the wheel raise to the height 
c£ 120 feet, the modulus of the machine being -f of the work 
cf the water ? 

Put H s= the height to which thie water is pumped ; then 

Vork of the wheel per minute = nabhvS units, 

„ of pumping 1 cubic foot of water... = HS „ 

♦•. number of cubic feet pumped per min. = — =r^ — = 

nxbhv ,. ,. _ . 4x4x3x20x30 
— — — ; which in number gives ^ ^oFi = 

40 cubic feet. 

WORK PERFORMED BT THE SXJN*S EVAPORATION. 

264. The heat of the sun is oontinoallj raising the temperature of the 
atnosphere, tboa making it capable of absorbing water tmm the immense 
fiirface of the oceans and seas that sorroond the earth. The water, thus 
rused, forms clouds at varioos elevations above the earth's sorface. The 
Bidden cooling of the atmosphere, either by cold corrents or by meteoric 
clanges, precipitates these clonds in the form of rain ; while the dews of 
nght descend by the gradual cooling of the atmosphere, through the absence 
oithe sun. The water, therefore, which thus falls, may be considered as the 
measure of the sun's evaporating power. In the torrid zone the annual fall 
cf rain and dew amounts, at a medium, to about 100 inches in depth, and at 
tbe northern border of the temperate zone, as at Archangel, the medium 
fal of water is about 20 inches in depth ; the mean of these depths is 60 
inihes or 5 feet, which may be taken as the mean depth of water which 
descends upon the whole of the earth's surface. Now, if we take 900 feet 
as the mean height from which this water falls in the form of rain and dew, 
thnre will result. 

The work of the watdr fiiUlng on one square mile of the earth's surface 
per minute^ through the agency of the sun's evaporation in horse powers, 
thit is, 

■pp _ 27878-400 X 5 X 900 X 62-5 __ 

366 X 24 X 60 X 83000 

lence, the w<Hrk, thus done, on the whole surface of the ^obe, taking its 
dijmeter at 8000 miles will be 

IP = 8000* X 31416 X 452 = 90,880,000,000. 
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Now, takSng Um united pow«n of all the steam engiiMS ia the Brit 
lilei to be Si miDioiis of hone powen^ and the united powen of all t 
■team engines in all the other states of the worid to be Si millions of hoi 
powers* thns giring for the steam engines of the whde world 6 millions < 
horse powers, which, it is presuned, is not far from the troth, at the presen 
time (1851), we shall hare the woriL dne to the son's eraporatioii some 
what more than 15000 times the work of all the steam engines in the world 
sapposing them to work oontinooaslj day and night. This comparison ahoi« 
how insignificant the most stopendoos works of man are to thoae of hs 
Crbaxob. Though only a yety trifling part of this rast power is avmilabe 
for the purposes of moving machineiy, yet it serves a still more importait 
purpose in watering and invigorating ti^e vegetation on the sorlhoe of tie 
earth, and in produdng the oountless small streams up to large riveniy wh^ 
diversify and spread health throughout creation, as well as sni^ly immeiss 
fadiities for inland navigation. Such is the stupendous and magnificait 
scale by which we must measure the mechanism of creation, and such lie 
boundless power and beneficence of the Great Creator. 

One of the immense results of the power of evaporation may here be gi^^en 
in the 



Woi* of the Great Fatt or Cateraet of the River Niagara. 

This river, which discharges all the water issuing firom the great cen- 
tral chain of lakes in North America, falls with astonishing grandeur arer 
a perpendicular rock 133 feet in height, in one unbroken sheet; the rayids 
above this fall extend several miles, making an addition of 200 feet to the 
height of the fall ; the whole height of the fidl is therefore 333 feet Ik ia 
calculated that 33 millions of tons of water are discharged, at an avenge^ 
per hour by this fall ; hence the work of the water per minute may be 
readily determined in horse powers, that is 

„ _ 33000000 X 2240 X 33 3 _ « ^jionoft 
^ — 60X33000 12,432,000. 

This river is, therefore, (see last Art) capable of performing more wok 
than twice the work of all the steam engines in the whole worid. 

WORK OR POWER OP THE TIDES. 

Assuming that the average height of the rise of the tides in the It- 
lantic and Pacific oceans to be 20 feet, which is probably less than die 
true average, and the united length of the coasts of these two occuia 
(which may bo said to extend from pole to pole) including their wild- 
ings, to be 100,000 miles, we shall thus have a body of water 100,100 
miles in length raised to the height of 20 feet, and of a breadth vcy- 
ing according to the widths of the respective oceans. This vast pcwer 
is immensely greater than that which results fh>m the sun's evaporatbo ; 
(Art 264) and is due to the joint attraction of the sun and moon. Althosgh 
a very small portion of this immense power is used for mechanical purpoea, 
on account of its being inconveniently situated for that purpose ; becausethe 
shores of these oceans are exposed to tempests, which would in moat dues 
greatly damage or entirely destroy any machinery, which might under odier 
circamstances be conveniently moved by the tide. There are, howevir, a 
few ponds, which are filled by the tide in convenient situations, fbr mo^g 
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the machinery of com mills, &c. Yet the rise of the tide is of immense im- 
portance in aiding the purposes of navigation, by its repeated flow into nu- 
merous rivers, harbours, bays, creeks, &a, which would otherwise in many 
cases be almost useless for this purpose. Besides, the continued agitation of 
the ocean by the tide diffuses the saline matter, derived from some of the 
strata which forms part of its basin, equally throughout every part of its 
liquid mass ; thus maintaining its waters in a perpetual state of salubrity, 
which would otherwise become stagnant, and in all probability so putrid as 
to be destructive to animal life. We may hence perceive another grand pur- 
pose of the Great Cbbatob carried out by the agency of the tide for the 
continued renovation of nature, and of far greater importance than its use as 
a moving power for machinery, which the ingenuity of man by the agency 
of steam can produce in localities more convenient for his several require- 
ments. 

MISCELLANEOUS QUESTIONS IN HTDBOSTATICS AND 

HYDRODYNAMICS. 

Ex. 1. — The depth of water pressing against an embank- 
ment is 9 feet, required the pressure upon 40 feet of its 
length. Ans. 45-}- tons. 

Ex. 2. — An empty vessel is sunk 600 feet in sea-water, 
required the pressure on a square inch of its surface. 

Ans. 209| lbs. nearly. 

Ex. 3. — A flood-gate 10 feet deep and 5 feet wide, is placed 
vertically in water ; required the pressure on the upper and 
lower halves of the gate, the water standing at the top. 

Ans. 3906^ and 1171 8| lbs. 

Ex. 4, — A cubical iceberg swims, with its sides vertical, 
100 feet above the level of the sea, required a side of the 
cube. Ans. 326 yards. 

Ex. 5. — Find the thickness of a wall at the bottom, the 
section of which is a right angled triangle, sustaining a body 
of water against its vertical side, the height of the wall being 
12 feet, the depth of the water 10 feet, and the specific 
gravity of the wall to that of the water as 1 1 to 7. 

Ans'. 5 feet If inch. 

Ex. 6. — The concave surface of a cylindrical glass bottle, 
filled with fluid, is divided into 4 annuli, so that the pressure 
on each annulus is equal to the pressure <m the base ; re- 
quired the height of the cylinder and the breadth of each 
annulus, the radius of the cylinder being given. 

Ex. 7. — Required the thickness of the wall, in Ex. 5, 
when its section is a vertical rectangle. 

Am. ^i^X^V^^CLOD^^^Ttf^sS^. 
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£x. 8. — A diving bell in the form of a cone is let down 
into the sea to the depths of m and n fathoms ; required the 
heights to which the water will rise within it, its axis and 
diameter of its base being respectivelj a and h feet, and the 
barometer standing at 30 inches. 

Ex. 9. — How deep will a globe of oak sink in common 
water, its radius being one foot ? Ans, 1 foot 8^ inches. 

Ex. 10. — Each of the 8 pontoons, used in floating the parts 
of the Britannia tubular bridge was a parallelopiped 100 feet 
in length, 25 feet in breadth, and 12 feet in depth \ required 
the weight of their united power of buojancj, supposing 
them all to sink till even with the surface of the water, and 
that the weight of each pontoon was 200 tons. 



PART V. 

CENTRAL FORCES. 

DEFINITIONS. 

2^. Centripetal force is a force which continually tends 
to draw or impel a body towards a certain fixed point or 
centre. 

266. Centriftegal force is that which impels the body to 
recede from such a centre, if it were not prevented by the 
centripetal force; this force, according to the first law of 
motion, impels the body to move unifomily in a straight line. 

267. The centripetal and centrifugal forces are called ce»- 
tral forces, because, by their combined action on the same 
body, they cause it to describe a curve round a centre. 

268. The raaUtis vector is a line drawn from the centre of 
force to the moving body. 

269. Prof. 1. — When a body, acted upon by a force tend" 
ing to a fixed point or centre, has also a projectile motion in 
a direction not passing through that centre, it unU move in a 
curve line situated in one plane; and the radius vector will 
describe equal areas in equal times, or areas proportional to 
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270. Let the bodj move along AB nniformly in a unit of 
time hy a pngectile or centrifugal force ; then by Newton's 
firat lair of motion if no other force were to act on the 
body, it would move in the same 
stmght line to a, in the next unit 
of time, making the distance B a ^ 
AB. Now, when the body is at 
B, let a centripetal force, or a force 
tending to the centre S, act upon it, 
and by a single impulse draw it 
along Sp in a unit of time, in the 
aame manner as If this force alone 
acted upon it. Complete the paral- 
lelogram Ba Cp, and join SC, Sa. 
Then, since the body would move 
along Ba in consequence of the 
original force, and along Bp in 
consequence of the centripetal force at S, by the composi- 
tion of motion (Art. 10), the body will move along BC, 
the diagonal of the parallelogram. Also, because Ca ie 
parallel to SB, the area SBC = area SBa (since AB = 
B a) area SAB. In like manner, if the two forces act on 
the body at C, the centrifugal in the direction C&, and 
the centripetal in the direction C S, these forces will cause 
the bo^ to describe the diagonal C D of the parallelo- 
gram Cb D q, and the radius vector S D will describe the 
area S C D = area S B C = area SAB, in the next unit 
of time ; and so on continually. Now, suppose the unit of 
time to be diminished, and the number of units to be in- 
creased, both indefinitely ; then the areas described by the 
radius vect<» in these units will still be equal to each other, 

and consequently the polygon ABCD £ will ultimately 

be a curve line, and the centripetal force which was assumed 

to act bf impulses at B, C, D £, will be a continuous 

force acting at every point of the curve ; and, since it has 
been proved that equal areas are descrihed t^ the radius 
vector in equal times, it is evident that in different times 
the areas described wiU be proportional to these times. 

Note. — TbiiiaKgila'i foil law of I^anelars IfotiM, wbich he diKOrerad, 
by the aid of obMrratton alone, and which nia firgt coafinned liy Mathn- 
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271. Cob.— If a body move in a curve, so that the radios 
vector, drawQ from the bodj to a fixed point, passes over 
areas proportional to the times, the body is acted upon by a 
centripetal force tending to that fixed point. 

272. Fbop. 2. — 7^ velocih/ of body, moving in a curve 
AD£ at ai^ point T), it invertely )u Ae perpendicular SY 
drawn from the centre of force S upon the tangent DY to the 
curve at D. (See last figure.) 

Put S T = p, T = time of describing C D, and v = velo- 
MtyatD; then C D = t », and the area SCD = iCD.SY 
= 4 T r X p. Now, if A = area described by the radius 
vector in a nnit of time. At will be the area described in the 

time^ — area SCD:.-. At t^irvp, and f = — , that is, 
p ' 

the velocity varies as ~, or inversely as the perpendicular 

upon the tangent, since the area A described in a unit of time 
is constant. 

273. Prop. 3. — ff ojte bodj/ be draton in a straight line 
A S towards the centre of force S, and another body revolve 
in a curve line A M B about the tame centre S ; then if the 

Jbrce at S be equal at all equal diitances, and the velocities of 
the bodies be equal in any one case, when they are at equal 
distances from S, their velocities will always be equal at equal 
distances from S, 

Let the velocities of the two bodies at the equal distances 
SN, SM be equal. Take Mm an in- 
definitely small arc, which may be con- 
sidered as a straight line, and describe 
the circular arcs MN, mn, from the cen- 
tre S, and draw the radii vectores M % 
m S; from p, the intersection of M S, 
m n, draw p q perpendicular to M m. 
Let/ be the accelerating force at N or M 
towards the centre of force S, and let Nm 
or Mp represent this force. Now, the 
force tAp may be resolved into the two, 
Mq, pg: of these two forces M g alone 
is efficient in accelerating the body's motion at M. Put p= 
angle SMm; then the actual force M^^/cos ^ and, be- 
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cause M ffl is indefinitely small, the increase of velocity from 
M to ffl will also be indefinitely small ; therefore M m may 
be ultimately supposed to be described with a uniform velo- 
city ; and since the velocitieB at N and M are equal, if t = 

Mm T 
time of describing N n uniformly, then =rf — t = = 

tune of deacribiug Mm uniformly with the same velocity. 
Now, the increment of the velocity from N to n is equal to 
the product of the accelerating force and time = /r ; and the 

incremeut of the velocity firom Mtom i=/eoa f =/''> 

which is the same as in the former case. Therefore, since 
the velocities at N and M are equal, and the increments of the 
velocities from N to n and from M to m are also equal, the 
velocitieB at n and m must also be equal ; and similarly it 
may be shewn that the velocities are equal at all other equal 
distances. 

274. CoK. — "When the bodies pass through the centre of 
force S, or recede from it, the same proposition holds good 
with respect to their velocities. In the former case, though 
theoretically correct, it is practically impossible. 

275. Prop. IV. — If a body describe the drcumferejice of a 
circle AaB uniformly in cotiaequence of a prc^ectiU and an 
attractive force, the latter being situated at Ike centre S ; the 
aeceleratrnff force acting upon the body is measured by the 
square of the velocity divided by the radius of the circle. 

Let the body describe the arc A a uniformly in the time 
T, with the velocity V, and let 
A S = R ; then A a = t V. 
Now, the body would describe 
the tangent A T uniformly 
with the same velocity, and in 
the same time, if it were not 
acted upon by the central force 
at S ; but as it describes the 
arc A a, it is evident that the 
force at S, upon the body at 
A, would make it describe Am 
or Toin the time t; aT, an being respectively perpendicular 
toAT, AS. Let/= accelerating force ^t A-, -w'iJMii.'itst'ift. 




Id4 CENTRAL FOBCBS. 

may be considered constant through the indefinitely small 
space A fi or T a, therefore, by Art 134, Ait=:Ta = i/'''*. 

But Aitx2AS = (chord Aa)> 

= (arc A a)* ultimately = V^ t*, 

and .-. I/t* X 2 R = V»t«. 

y2 
Hence /= ^ • 

275a. Cob. 1. — If T be the time of one entire revolution of 
the body round the centre of force S ; then, since the whole 
circumference A a B = 2 ir B, there will result 

TV = 2irB, or V = ?^- 

Hence/=— =-^. 

276. Cob. 2. — If a body describe the circumference of a 
circle with a imiform velocity, the centripetal and centrifugal 
forces wM be equals because the distance of the body from 
the centre of force is always the same, the two forces are in 
equilibrium; hence the centrifugal force f ia :=:/, and is 

measured by -^; therefore, generally, when the centre of 

force is the centre of the circle, 

277. Cob. 3. — If a body be retained in a circle of radius 
=s B, by a rigid rod joining the body and the centre of the 
circle, or if the body be retained in a circular curve, as a 
railway train is retained by the rails and the flanges of the 
wheels, and if a given angular velocity =ss Y be communicated 
to the body ; then the force / will be evidently compounded 

V* 

w 

But M (by the definition) = — , W being the weight of 



CENTRAL FOBCES. 1S5 

the body, and g the force of gravity at the earth's surface, 

which is called hj Mathematicians the Vis Vita, or living 
force, hiJf of which, namely, 

^ V'.W 

J- 2ff ' 

is the force which tends to produce motion in machines ; and 

since h = — — , h being the height due to the vel. V, there 

results, 

v> w 

which is the Formula used in the article on water wheels, and 
in various other parts of this work. See Mosele^s Principles 
(^Engineering and HanrCs Mechanics. 

The following are given to illustrate the preceding propo- 
sitions and their corrolaries. 

284. Pbob. 1.— Taking the radius of the earth to be 4000 
miles, the mean distance of the moon from the centre of the 
earth to be 60 of the earth's radii, to determine the attractive 
force exerted on the moon, which causes it to revolve round 
the earth in 27^ dajB, the earth being assumed to be at rest. 

By Art. 275, 

^ 4ir2R 4x3-14162x4000x5280 ^^^ ^ 
•^= "1^= 27^x24x60x60 = ^^^ ^^*- 

And since the force of gravity at the earth's surface = 32^ 
feet = g^ we shall have 

/ : ^ :: 1« : 60«, that is, 

•0089 : 32J : : 1 : 60> nearly; 

therefore the attractive force of the earth varies inversely as 
the square of the distance from its centre. 

285. Fbob. 2. — The radius of gyration of a grindstone is 
2 feet, its weight -I- of a ton, and it makes 360 revolutions in 
a minute; required its centrifugal force, or tendency to 
burst. 



136 CENTBAL FORCES. 

Here V = — = 75'4 feet per second nearly. 

and by Art. 277, 

. W.V^ ix(75'4y ^^^ , 

/ = 5~ = "5171 — s^= ^T toM nearly. 

•^ ^'R 32^x2 ^ ^ 

286. Prob. 3. — The radius of a grindstone is r, its weight 
W, and the velocity of its circamference v feet per second ; 
required the centrifugal force. 



The radius of gyration, in this case, is ^r >/2 = B. 
Hence the velocity V of the centra of gyration = 

••• / = 



g.R g.ry/2 

Note. — This formnia gives generally the amoant of centrifngal force 
which tends to tear asunder a circular wheel or disc of uniform tibickness, 
when it is whirled round with a great velocity. The great amount of cen- 
trifugal force, as shewn in Art. 285, is the cause of the frequent violent 
raptures of grindstones, and the serious accidents thence resulting. 

287. Prob. 4. — ^Required the centrifugal force, in the last 
Prob., when W = 16 cwts., r =z 1^ feet, and v = 80 feet 
per second. 

W.v^ _ 16x80^ _ 16 X 80^ ^^ 

•^-^.r^2-32ixf>/2^''*--"32ixf>/2x20-^^*^°'- 

288. Prob. 5. — A circular disc, the weight of which is 
W, is whirled round so as to make S revolutions in a minute; 
the radius of the disc is R, the radius of its axle r, and the 

friction upon it — of the whole weight ; required the number 

of revolutions the disc will make before its stops. 

Radius of gyration == JR -^2 feet. 

,.,.,« ^ , 2irx^Rv'2xS irRSv^2 ^ 

Velocity of wt. per second = ^ -^ = — -— — ft. 

oO 60 

.*. units of work m the disc = -r— X (vel. r = -—^- , 

being the work due to the height fallen through to acquire 
the given velocity. 
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Circumference of the axis = «" r, and 

W 

units of work destroyed by friction in 1 revolu. zzxt x — . 

Put N = No. of revolutions before the disc stops ; then 
vr X — X N = units of work destroyed by friction. 

ir^S^R^w W ^^ ^ ^- rirS»R» 
•*• ^^o = IT r X — X N, whence N = 

Also, if « = given number of revolutions per second, then 
S = 60 «, and by substitution 

N = • 

gr 

NoTB. — These formnlffi are independant of the weight of the disc, as they 
obviously ought to be. 

Ex. — A disc of metal is whirled round with a velocity of 
88 feet per second, being the speed of the wheels of a rail- 
way train moving at the rate of 60 miles per hour, the radius 
of the disc is 5 feet, the radius of its axle 2 inches, and the 
coefficient of friction -j^., or » = 10; required the number of 
revolutions which the disc will make before it stops. 

By Art. 288, 

^ . «ir^R2 10X3-1416X88^X5^ llQ.<,.r 

No. of revo. = = — ri z =1134515. 

gr 32^ X A 

THE FLY WHEEL. 

290. When a moving power is supplied irregularly, as by 
the piston of a steam engine, the action of which is inter- 
mitting or by impulses, while various machines moved by 
this important power require a regular force, the method 
of regulating the motion of such machines is by means of 
a fly wheel, in which a ponderous mass of metal, revolving 
freely on an axis, is connected with the machinery, and by 
its inertia produces a resevoir as well as a regulator of 
force ; since a small surplus of force acting for a short time 
will accumulate a considerable power in the fly wheel, and 
this power being applied suddenly for a short time is capable 
of suppljring the short intermissions of the moving power, 
and producing a near approximation to perfect regularity in 
the motion of the machinery. 
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291. Prob. 7.— The weight of a fly-wheel = W lbs., the 
external and internal radii of the rim are B and r feet ; the 
wheel makes s revolutions per second, the diameter of the 

axis is d inches, and the friction upon — of the whole weight 

of the wheel ; required the units of work in the wheel, and 

the number of revolutions which it will make before it stops, 

the inertia of the axle and spokes of the wheel being neglected 

as not materially affecting the result. 

Then 

R* + r' 
The radius of gyration A = >/ — 

R*-|-r*\« W 

Units of work in the wheel « « * 



ir>«>W 






9 

Circum. of axis = — • 

''d W iroW 
Work destroyed by friction in 1 revo. =-77 x — = -^ — . 

Put N = number of revolutions made by the wheel before 
it stops ; then 

Whole work destroyed by friction = ^^ — x N, 
wdW ^^ ir2«2W(R2 + ra) 

whence" N = 'llU^d±lD. 

gd 

NoTB.— *Thi8 result is also independent of the weight of wheeL 

Ex. — The external and internal radii of the rim of a fly 
wheel are 5 and 3 feet ; it makes 3 revolutions per second ; 
the diameter of the axle is 2 inches, and the friction upon it 
-^ of the weight of the wheel, orn = 10 ; how many revo- 
lutions will it make before it stops ? 

r^ ^-r ^ ^T 12 X 10 X 3-1416 X 32 X (52+32) _^^ 

The No. of revo. N =z — ; — ^ ^ ^ = 1797. 

32^ X2 
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292. Psoa S. — fFhen ike force acU m one direction onfy, 
lofind the Umiti within which the angular velocity ofAtfiy- 
whtel variet. 

Let A B Q S be the Sj wheel, its centre, O B a crank, 
an which the rod F B acta in directions parallel to the dia- 
meter £F; and let F be a constant force acting on the rod 
FB ; also, let Q be a weight equi- 
valent to the reeietance to the 
motion of the machine, and act' 
ing perpendicularlj at Q the cx- 
tremit)' of the radius OQ. Draw 
BH, r A perpendicular to EFand 
indefinitdy near to each other; 
ako, put BO = r, QO = B, and 
'' ^ circumference to rad. = 1. 
Now let the point B move through 
the indefinitely small space Br; 
then the force of P is measured hj 
the product of the resolved part 
K » ol the force F and the small space B r, which product is 
evidently :=PxBr = FxHA, since the force n r is wholly 
ineffectiiaL Let the force P act from E to F, then H A be- 
OOtnoB = the diameter £ F, and the whole force from E to F 
will be=PxEF=Px2rj and the whole dynamical 
effect of the resistance of the machine in an entire revolution, 
which ia represented by Q, will be equal Q x 2 »■ Q ; but, 
since the whide effect of the force P is consumed by the use- 
ful and useless resistances of the machinery token together, 
there results. 

2Pr = 2QTB, 

r 
Now, let the resistance Q just baUnce the force F, when 
the crank is in the two positions OB, OS; and put the 
ang^ BOA = i the angle BO S = ^; then, 
Preoa* = QEj 

and by substituting the value of F in this equation, there 
results, after reductiou. 
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1 

««, = - = - 



I 



•3183 ; 



" 3-1416 ' 
.-. 4. = 71"* 2&, 
uidarcBAS = 2«= 142° 52*. 
. For the double acting engine we find in a similar 



""^ '--8^1416- "■""■ 
.-. arc R S = 2 t = 100° 54'. 

294. NoTB. — A* tortbei Inreadgittioii on this antiiBct would necenlrilj to- 
volve s dctailod azpodtioD at the theory of the ateam SDgiae, which is apait 
frvm the otgect (rf this work ; thenifbra, the reader, who dealres efflduic in- 
formation on Ihia salject, may conanlt Tndgold on the Steam Eagiae, Itott- 
ley't Sngine e rm s , Bamit Trtatitt m the Slean Engine. 

XBR GOVEBNOa, 

295. Pbob. 9. — To explain the ute and prmcytle of eke 
governor of the iteam-engine, and to Jind the pogition which 
its balls assuTtte in comequence of the centrifitgdl force, the 
angular velocity being given. 

A B la a vertical shaft turning freely on the sole B by its 
connection witt the machinery of the steam engine ; CP, CQ 
are two bars moving free- 
ly on the centre C, and 
carrying the two weights 
P, Q ! F D, F E are two 
rods connected to the bars 
at D, E, and attached to a 
collar I, which is capable 
of sliding freely up and 
down the shaft AB. This 
collar is united with a 
lever which opens or 
closes the throttle valve, 
which supplies the cylin- 
der with steam. When 
AB revolves too fast, the balls by their centrifugal force fly 
outward, raising the slide I, and partially closing the throtde 
valve ; and when the shaft moves too slowly the balls col- 
Japse, and the slide consequently descending, admits a more 
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full supply of steam, thus regulatiog the motion of the en- 
gine to almost complete uniformity. 

The weight P is acted on by two forces, t. e., the centri- 
fugal force in the direction P n, and gravity in the direction 
P o ; and taking P n, P o to represent these two forces, com- 
plete the parallelogram P n m o, we shall have the triangles 
'Brno, A P O simHar, and, if / represent the centrifugal 
force, and W the weight of P, then 

/_P0 
W~ CO* 

Also, by Art 277, 

^ _ W.V 

" j/.PO' 

and by substituting this value in the preceding equation, there 
results after reduction 

or, if » = the angular velocity per second of the governor at 
an unit's distance from the shaft A B, then Y = P O . v, and 
by substitution, 

co = ^. 

Now, if n = number of revolutions per minute^ then 

— = number per second. 

2irn ir n 
60 30 

whence C = ^ 'f in feet. 

30>x32ixl2. . ^ 
= (3>1416y^ "^"^^^^' 

35200 
= — Y- inches nearly. 

296. The throttle valve of the steam engine cannot be 
opened without an adequate force exerted by the governor, 
which may be measured by finding what weight will produce 
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that force. Let p be the required weight, W being the 
weight of one of the balls of the governor, as in the last 
article ; then Hann has shewn in lus valuable works on the 
steam engine, referred to in the Note Art 294, that 

p^ 21^ CP 

W "~ 100 ' CD' 

C P 
and that, if pp=r == f , which is the usual proportion in the 

governor, 

£. _ ^ 3 63 
W "~ 100 ' 2 "~ 200 ' 

... W = ?5LP.= 3-174 j9, 

and if I? = 10 lbs., then P = 31f lbs. nearly. 

THE SUPEB-ELEYATION OF THE EXTERIOR RAIL IN RAILWAY 

CURVES. 

297. The super-elevation of the exterior rail, or the rail on 
the convex side of the line, in railway curves, the radii of 
which are within certain limits, is rendered absolutely neces- 
sary to counteract the centrifugal force produced by the 
velocity of the train, since all moving bodies have a tendency 
to continue their motion in a direct line. From this cause 
the railway train is impelled towards the exterior rail, and 
would finally leave the rails, were it not prevented by the 
conical inclination of the tire and the flanges of the wheels. 

298. Prop. — To determine the centrifugal force of a rail- 
way train, or that portion of the weight of the train, which 
makes it tend to leave the curve. 

Let V = velocity of the train per second, R = radius of 
the curve, F = centrifugal force, and g force of gravity at 
the earth's surface, also let W = weight of the train ; then 
by Art. 277, 

gB. ' 

Ex. 1.— When R = J a mile = 2640 feet, V = velocity = 
80 mileB per hour s 44 feet per second, and g = 32^ feet 
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BE velocity of a body falling from rest, at the end of a 
second ; then 

32^ X 2640 9651 "'^"^ J^ tz » 

that is, the force that urges the train to quit the curve is ^ 
of its whole weight, in this case. 

Ex. 2. — ^When V = 60 miles per hour = 88 feet per 
second, and B the same as in Example 1 ; then 

_ W X 882 I , w 

^= 32^x2640 = °^^^^^"^^ 

that is the force, in this case, is ^ of the weight of the train. 
Hence it may be perceived how extremely dangerous high 
velocities are in curves of small radius. 

299. Note. — ^This great amount of centrifagal force, in cnrves of small 
radins, would be very much increased by the high velocities, which some 
are sanguine enough to expect as likely to be attained on railways ; since 
this force varies as 

— or as V* 

m 

for the same curve : thus for a velocity of 120 miles per hour, on a curve of 
•|- of a mile radius, we shall have 

32^ X 2640 

that is, the centrifugal force is, in this ca«e, more than \ of the whole weight 
of the train; while for curves of 1 mile nidius, which are very common in 

railways,/ = ^ W, or nearly -J- of the weight of the tram. It must, there- 
fore, be evident that a velocity of 120 miles per hour, or even one of 90 miles 
per hour, must be extremely dangerous, especially on an embanked curve, 
should any accident throw the train off the line, which is often the case with 
the present velocities. Moreover, the resistance of the air, which varies as 
y, must be considerably augmented by high winds opposed to the direction 
of a train of these great velocities ; while its engine would require a power 
greatly superior to those now in use. 

300. This force, except in curves of very small radius, is 
counteracted by the conical inclination of the tire of the 
wheels, each pair of which is firmly fixed on the axle which 
turns with them; the inclination of the tire is commonly 
about ^ an inch in the whole breadth of the wheel, which is 
3^ inches. Thi3 inclination of the tire with the lateral play 
of the fianges of the two wheels of -^ an inch on each side, 
and the centrifugal force urging the train towards the exterioi: 
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rail, when moving in a curve, increase the diameter of the 
outer wheel, and diminish that of the inner one, which causes 
the train to roll on conical surfaces, thus necessarily pro- 
ducing a centripetal force to counteract the tendency of the 
train to leave the curve. However, in curves of verj small 
radius, the centrifugal force is not sufficiently counteracted by 
the centripetal force thus generated, the centre of which last 
named force is the vertex of the cone, of which the increased 
and diminished diameters of the wheels are sections. The 
amount, therefore, of this centripetal force shall be determined 
in the following — 

301. Prop. — The velocity of the traitiy the guage of the 
rails, the radius of the wheeh, and the inclination of their 
tire being given^ to determine the centripetal force generated 
by the conical inclination of the tire of die wheels of the trains 
and by the centrifugal force impeUing the train outwards. 

Let d = mean diameter of the wheels of the train, S = 
increment and consequently the decrement which the dia^ 
meters of the exterior and interior wheels respectively re- 
ceive, through the conjoined action of the centrifugal force 
and the inequation of the tire ; then under these circum- 
stances the respective diameters of the exterior and interior 
wheels will be 

rf + ^ and rf — 5 5 

also, if R' = radius of a circle which the centre of a carriage 
would describe in consequence of the inclination of the tire 
of the wheels, and b =: breadth of the road or guage of the 
rails ; then R' -|- i ^9 <^^ B — ^ ^ are radii which would be 
described respectively by the exterior and interior wheels ; 
and by similar triangles, 

rf + a : rf- a :: R' + i^ : R - i*, 

whence </ : S : : 2 R : 6, and 

•. bd 

Or, if- = inclination of the tire, and A := deviation of the 
n 

wheels, then 

~ n' 
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and, by substitution, 

Ttr b dn 

4a 

Now V and W representing the velocity and weight of the 
train, as in Art. 298, the centripetal force corresponding to 
th& nidius B' will be 

or, by substituting the value of B', 

--, 4 W V^A 
bdgn 

302. Prop. — To determine the demotion of the wheels, and 
the radius of the curve, when the eentrifiigal and centripetal 
forces, in AxU 298 and 301, just balance each other. 

Because the forces F and F act in contrary directions, they 
will hold each other in equilibrium when they become equal, 
and the train yrill cease to have a tendency to quit the curve; 
this will take place when 









gB, 


^B' 








or B: 


= B'. 


Also, 


by 


Art. 


298 and 301. 
W V2 
^B ■" 

whence A 


4WV2a 
bdgn 

bdn 



4B 

which is the deviation requisite to produce an equilibrium 
between the centripetal and centrifugal forces of the train. 
And, since B = B', the vertex of the imaginary cone, of 
which the increased and diminished diameters of the wheels 
are sections, will coincide with the centre of the curve, there 
will consequently be no dragging on the wheel on either of 
the rails. 

If, in B' = ^^, d= 3 feet, ^ = 4 feet 8^ inches =. 
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4*7 feet = breadth of the narrow guage, — = 4> ^^^ A = 

n 

i of an inch, the radius of curvature corresponding to this 

deviation, when the two forces are in equilibrium,- will be 

R = ^ - = 4.7 x3x7-T-4xix ^ = 888 feet. 

But, since an accidental depression of the exterior rail 
might cause the flange of the wheel to rub the rail on that 
side ; it would be advisable, for the sake of greater safety, to 
limit the value of R' to not less than 1200 or 1500 feet. 
Moreover, in curves of less than 1500 feet radius, it will ^t 
once appear that a super-elevation of the exterior rail will be 
absolutely necessary to counteract the excess of the centri- 
fugal above the centripetal force. 

303. Prop. — To determine the super-elevatum pf the ex^ 
terior rail in railway curves of less than 1200 or 1500 jfeet 
radius; the same things being given as in the preceding pro^ 
position. 

Let X = super-elevation of the exterior rail ; then, since 
b = breadth of the way,: the inclination of the plane on 

X 

which the train moves = t to rad. = 1, and hence the gra- 
vity of the train will impel it to the interior rail with the force 

This force, together with the centrifugal force, resulting 
from the deviation of the train to exterior rail of the curve, 
must hold the centrifugal force in equilibrium; therefore, 
from Articles 298 and 301, there will result 

Wx WV2 _ WV2 

whence ^ = --|---| 

which is the formula for the super-elevation of the exterior 
rail, and due to Pambour ; who, by solving it for some of 
the usual cases, produces the following 
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TABLE OF THE SUPER-ELEVATION TO BE GIVEN TO THE 

EXTERIOR RAIL IN CURVES. 







Super-elevation to be given to the Bail 


Designation of the WaggonB 
and the Way. 


Badiosofthe 

Curve 

in Feet. 


in Inches, the Velocity of the mo- 
tion in Miles per hour beinje: :— 


lOMiles. 


20 Miles. 


30 Miles. 


Waggon with wheels 3 ^ 


250 


I'U 


5-60 


12-99 


feet in diameter. 




600 


0-57 
0-29 


2-83 


6*56 


Guage of way, 4*7 feet. 




1000 


1-43 


3-30 


Play of the waggons on 


- 


2000 


015 


0-71 


1-65 


the way, I inch. 




3000 


O-IO 


0-47 


110 


Inclination of the tire of 




4000 


007 


0-36 


0-83 


the wheels, 1 in 7. 


6000 


0-06 


0-28 


0-66 



The corectness of the above results is pretty generally con" 
ceded. It must, however, be considered, that it is extremely 
difficult, if not impossible, to realize^n practice, the precise 
conditions and proportions determined by these important 
formulae ; as accidental depressions and enlargements of guage 
of part of the rails, as well as many other matters that cannot 
be subjected to calculation, will unavoidably derange these 
results.- 

The reader, who wishes for further inforinatipa on these 
subjects, may consult Tredgold on^ the Steam Engine; 
also, Baker*8 Railway Engineering, and his Land and En- 
gineering ; in which approved and Practical Systems of lay- 
ing out the works of Railways, S^c, Sfc, wiU be found. 

MISCELLANEOUS EXERCISES. 

(I.) If a body move in a curve by meaiis of a projectile 
and centripetal force, the latter acting in the direction of 
right ordinates, and varying inversely as the nxh power of the 
distance from the obscissa or axis of the curve; provQ that 
the velocity V of the body in the curve is equal to 

dz (my^^y 

■ d^y ' 

in which y is the ordinate indicating the position of the bodyj 
z the curve, and m the force of gravity at a unit's distance 
from the axis. 
Note.— This question and its solution was published by the AuthQt vcl\35n& 
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GcMtnuaV Matk. CompamioK far 1833^4. — Ila aolatioo ii on • rtem prin* 
dpie, u he hu not aeeii a ■Imjlar nuthod 1/ nIiiUoo adopled t^r any othei 
antliari and tha method nuy be obvloiulr extcodMl to tha motiMis of bMUei 
in corvea, whan acted npon by cantral ftmea ai well ai bj panllel fincca, aa 
in the Qoeation. The •olotion la al«o giren below. 

Let AP be the cnire described b; the body, A M its axia, 

PM, EQN two ordinates iDdeffinitely 

near to each other, and PB a tangent 
to the curve at P. The body at P 
would deei^be P B if the centripetal 
force did not act, in the same time in 
which it now describes PQ; there- 
fore BQ represents the space throngh 
which it is drawn by the centripetal 
force. NowPE = dz, EQ = j-(fy 
(Dealtiys Fhtxkmai Calcuba, Art 165.), and the force of 
gravity at P = »ty~" ultimately 1= force of gravity at Q. 
The motion through the indefinitely small space BQ =\tPy 
may be considered to be uniformly accelerated by the fcsce 
my—"; therefore the time of describing B Q =: time of de- 
scribing F B = I I I hence, because the motion in 

in the direction P B is uniform, the velocity V of the body in 
the curve = P B -r time of describing P B, that iSf 




V— (^)=^/-- 



(II.) The equal and uniform bars A B, B C are moveable 
about each other on an axis passing through B, which is 
perpendicular to the plane ABC, while a pin at the end A, 
of the bar B A, if moveable in a vertical groove A C ; and 
the end C, of BC, is moveable about an axis passing through 
C, and perpendicular to the plane ABC; it b required to 
find the velocity of A, and the action on the groove when A 
arrives at a given position in consequence of gravity and its 
original motion. 

KoTG. — TbU qaesllon waa propoaed and answered bj B. Oomftiiz, Etg^ 
F.R.S^ ^ in the Oaitlman'i MaA. CimpttniiM,/or ISSt-a. 



